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Abstract In the paper we pursue two interests. On the one hand, we are concerned with both 
fy^ the concept of Mosco type convergence for non-symmetric n-particle systems and, at the same 

p I ■ time, relative compactness of such n-particle processes. On the other hand, we would like to 

apply the general results to an n-particle Fleming- Viot system {Xi, . . . , X n } in a bounded 
rf-dimensional domain D. It turns out that integration by parts relative to the initial measure 
and the generator is the appropriate mathematical tool. For finitely many particles, such 
integration by parts is established by using probabilistic arguments. For the limiting infinite 
dimensional configuration we use methods from infinite dimensional non-gaussian calculus. 
AMS subject classification (2000) primary 47D07, secondary 60K35, 60J35 
■ Keywords Mosco type convergence, n-particle systems, weak convergence 

"^".i 1 Introduction 

Ov 

^ ■ In order to introduce the basic setting, let v be a probability measure on a measurable space 

(E, B), and let (T t ) t > be a strongly continuous contraction semigroup of linear operators on 

L 2 (E, u). Suppose that (T t ) t > is associated with a transition probability function P(t, x, B), 

t > 0, x G E, B e B, i. e., T t f = J f(y)P(t,-,dy), t > 0, / e L 2 (E,u). Assume, 

5— ( \ furthermore, that P(t, - ,E) = 1 u-a.e., t > 0. 
03 ! 

Denoting by (A,D(A)) the generator of (T t ) t >o and by (• , •) the inner product in 
L 2 (E, v), we introduce now the class of bilinear forms S we are interested in. Define 

D(S):=(ue L 2 (E, v) : lim (f (u - T t u) , v) exists for all v G L 2 (E, v)\ 

and 

S(u, v) := lim (\{u - T t u) , v) , u G D(S), v G L 2 (E, u). 

We have D(A) = D(S) according to [IE] . Section 2.1 and 

S(u, v) = -(Au,v), u G D(A), v G L 2 (E, u). 

In this sense we would like to understand the term bilinear form. However, as it is customary 
for Mosco (type) convergence, we also set S(u,v) := oo if u G L 2 (E,u) \ D(S) and v G 
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L 2 (E,v). Let (Gg)/3>o be the resolvent associated with S, i. e., Gp = (/3 — A) 1 , f3 > 0. 
Using contractivity of the semigroup (T t ) t > in L 2 (E, u) and 

(T t u , u) 2 < (T t u , T t u)(tt , u) 

one shows positivity of the form S, that is S(u,u) > for all u G D(S). This observation 
is crucial for the whole concept of Mosco type convergence of sequences S n of forms on 
sequences of spaces L 2 (E n , u n ) to a limiting form S on L 2 (E, i/) as n -> oo. However, we 
also develop a framework of Mosco type convergence of sequences of forms when contractivity 
is replaced by a technical condition on A' n l, n G N, and A'l where 1 is the constant function 
taking the value one and the ' refers to the dual generator. 

The first question that arises is on the definition of such a bilinear form. In fact, we 
construct the weak generator of the semigroup (T f ) f > , the second entry v in S(u,v) is in 
this sense just a test function. This definition of a bilinear form is far away from classical 
Dirichlet form theory which includes the notion of Mosco convergence. It has been chosen 
according to the application we are interested in Section 4 of the paper. The result obtained 
in Subsection 4.6 gives rise to state that our approach to bilinear forms is beneficial relative 
to the particle system we have investigated. We also want to refer to a discussion on choosing 
the appropriate definition of bilinear forms relative to the mathematical situation, given in 
P3] , Subsections 2.1 and 2.2. 

The second problem one comes across is the existence of A' n l, n G N, and A'l having 
properties which are useful to show Mosco type convergence. This is a purely mathematical 
issue. In the application of the present paper, a Fleming- Viot type particle system, it 
restricts the initial configurations of the particles. 

We would like to refer to related research carried out in [9], [10], [TTJ, and [12]. 

Besides the independent interest in Mosco type convergence, it turns out that Mosco 
type convergence is an effective tool to approach relative compactness of n-particle systems. 
In fact it can be used as one of two basic steps in order to establish relative compactness. 
A corresponding theorem is proved in Section 3. The second basic step in this context 
for relative compactness is to show that capacities of the n-particle processes X n of the 
form E I/n e _/3T tend to zero as n — > oo. Here, K Un is the expectation with respect to the 
distribution v n of the initial configurations of X™, n G N, r is the first exit time of X™ from 
sets of the form {\/3G n ^g — f \ > e n \\g\\} where e n ^± 0, and / = (3Gpg. Furthermore, 
g is a continuous function on the space of probability measures over the state space of the 
particles, and G H) p and Gp are the resolvents of X n and the limiting process X. 

The idea of such a two step program in order to approach relative compactness has been 
taken from |17j . 

In Section 4, we are then interested in applying the general Mosco type convergence and 
the relative compactness result to an n-particle system X n = {X\, . . . ,X n } in a bounded 
(i-dimensional domain D the dynamics of which can be described as follows: During periods 
in which none of the particles X 1; . . . ,X n hit the boundary dD, the system behaves like n 
independent <i-dimensional Brownian motions. When one of the particles hits the boundary 
dD, then it instantaneously jumps to the inside of D in a way that its distribution and the 
empirical distribution of the particles have the same weak limit as n — > oo assuming that 
the empirical distribution of the particles has a weak limit. The latter is a property of the 
system investigated in [2]. In this context we want to refer to [5]. 

The class of initial configurations we have chosen for the limit as n — > oo is a fairly 
general class of random smooth initial configurations. However in order to show both, 
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relative compactness and Mosco type convergence, the initial configurations of the n-particle 
systems converge to the limiting initial configuration in a rather restricted way. 

Integration by parts relative to the initial measure and the generator is the crucial math- 
ematical technique to verify Mosco type convergence. To establish such integration by parts 
for the n-particle systems we use mainly probabilistic arguments, cf. Subsections 4.3-4.5. 
For the limiting infinite dimensional system, the theory developed in [4] is the appropriate 
tool, cf. Subsection 4.2. 

The structure of Section 4 is chronological in the following sense. First we introduce the 
relevant objects for the limiting configuration and prove the integration by parts formula for 
the limiting system (Subsections 4.1 and 4.2). Then we derive asymptotic properties of the n- 
particle system and formulate reasonable conditions for its initial configuration (Subsections 
4.3 and 4.4). Integration by parts for the n-particle system is established in Subsection 
4.5. In Subsections 4.6 and 4.7 we use the asymptotic properties and the integration by 
parts formulas for both, the n-particle system and the limiting system, to verify Mosco type 
convergence as well as relative compactness for the Fleming- Viot system. 

2 Mosco Type Convergence 

In this section, we are extending the framework of [H] in several ways. In Subsection 2.1, 
we develop the concept of convergence in sequences of L 2 -spaces. This is necessary in order 
to establish the Mosco type convergence for non-symmetric forms on sequences of L 2 -spaces 
presented in Subsection 2.2. In Subsection 2.3, we are then able to handle convergence of 
non-symmetric non-positive forms, the situation we have to face in the application in Section 
4. 

Again, we want to refer to related research carried out in K. Kuwae, T. Shioya [12J and 
compared with ours in [14J, Subsection 3.2. 

2.1 Analysis on Sequences of L 2 - Spaces 

Let i/ n , n G Z + , be mutually orthogonal probability measures on (E,B). For notational 
convenience, we will mostly use the symbol v instead of uq. Suppose that v is a measure 
with countable base on (E, B). In addition, assume that there are mutually exclusive subsets 
E n , n G Z + , of E such that v n {E \ E n ) = 0. Let a n , n G Z + , be a sequence of positive 
numbers with J2^=o an = 1- Define M := J2^=o a nV n - We say that u G f] neZ+ L 2 (E, u n ) if u 
is an equivalence class consisting of all everywhere defined immeasurable functions satisfying 
fx = fi M-a.e. if fi, f2 G u and f u 2 du n < oo, n G Z + . Let (• , •)„ denote the inner product 
in L 2 (E, u n ), n G N, and let (• , •) denote the inner product in L 2 (E, v). Introduce 



Suppose that there exists a linear subset T of V which is dense in L 2 (E, v) and let C denote 
the set of all functions ip ET> satisfying the following conditions: 

(cl) For each (p G C, there exists a representing sequence (p n G J 7 , n G N, such that ip = (p n , 
i/ n -a..e., n G N. 
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(c2) (p,-0). 
Introduce 



(<p , 0) for all ip G T . 



V := \ip e p| L 2 (£, i/ n ) : a G P, r G 7" imply cr?/> G T>, e J 7 



Lemma 2.1 (a) FCC. 

(b) The set C is linear. 

(c) The set C is dense in L 2 (E, u). 

(d) Letp,ip eC. We have (ip } ijj} n ^± (<^,0)- 

(e) Let ij) G V. Then, for all <p G C, we have pip G C. 

Proof, (a) (cl) is trivial and (c2) follows from linearity of J 7 . 

(b) Let e > and let <p, ip G C with representing sequences p> n G T and 0„ G J 7 , n G N, cf. 
condition (c2). Since (cl) and (c2) are obvious for ip + ip, it remains to show that <p + ip &T>. 
We can choose no G N and G T such that, for all n > n , 



(0 - , - 
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e 


since J 7 C L 2 (E, u), densely, 


\(<p, <p) n ~ ((f 


v)\ 
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since <p E C CV, 




4>)\ 
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since G C C 2), 


\$,j>)n-(j>, 
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< 


e 


since feJCCCD, 


\(<p, i)) n ~ (<P 




< 


e, 


cf. (c2), 






< 


e, 


cf. (c2). 



Therefore, we have 
(0-0, 0-0) n 

which implies 



(2.1) 



< (0 - , - -0) 

+ |(0, 0)„ - (^,0)| + |<-0 , 0)n - $| +2|(0, $ n - (0, 0)| 

< 5e 



-7/AV2 



< v^sup^, ^),y 2 -e i/2 

neN 



and 



|(</7, -0)n- < l(^> ^>n - (<P, *P)n\ + \(<P, i>)n ~ (<P , + \(<P , i>) ~ (<P , i>)\ 



< e 



Vbswp(ip, <p)]{ 2 + (<p,<p) 

neN 



1/2 



-1/2 



(2.2) 



It follows now from fl2~I]) and Q272]) that 

\(ip + ^p , ip + ip) n - (ip + vp , ip + ip}\ 

<\(<P,<P)n-( l P,<p)\ + \('4>,ll>)n-(lp,'4>)\+2\(<P, V>)n ~ <¥> , V>) I 

< 4 £ + f 2v/5 sup(y? , <^ /2 + 2<y? , p) l/2 J ■ £ 1/2 . 



(c) This is a consequence of (a) and the fact that T is dense in L 2 {E, u). 

(d) This follows from (Q. 

(e) Let <p G C and ip G V. By hypothesis, we have (pip G V. Let <p n G J 7 , n G N, be the 
representing sequence of <p, cf. (cl). Then ip n ip G J 7 , n G N, by hypothesis. In other words, 
(p n ip 6 7", n 6 N, is the representing sequence of (pip, i. e., we have (cl) for ipip. Furthermore, 
for all p G J 7 , we have G J 7 by hypothesis and, by (c2), (<p , ^p)n (<p > V'P)- Thus, 
(W* , P)n (<P0 , p)- Thus, we have (c2) for (pip. □ 

Definition 2.2 (a) A sequence <p n G C, n G N, is said to be w- convergent to <p G L 2 (E, u) 
as n — > oo (in symbols <p ra <p) if 

(i) (<p„ , ^ (<p , -0) for all ^ G C. 

(b) A sequence ip n G C, n G N, is said to be s-convergent to ip & L 2 {E, v) as n — )■ oo (in 
symbols ?/> n — ^ '0) if 

(i) ?/>„ ^-converges to t/> as n — > oo and 

(h) (lp n} 1p n )n ^ (ip, Ip). 

(c) Speaking of W- convergence or s-convergence of subsequences p> nk G C or ip Uk G C, respec- 
tively, will mean that in (a) or (b) the index n G N is replaced with n& G N. 

Remarks (1) Note that according to the definition of C, we have the following implication: 

If ip n G C, n G N, s-converges to ip G C then 

(lp n -1p , 1p n -1p)n = ('ipn, lpn)n ~ 2(0n , + (0 , 

(2) Let ip & C. It follows from Lemma [2.11 (d), that ip n := ip, n £ N, s-converges to ip. 

Proposition 2.3 (aj Let <p n G C, n G N, 6e a sequence w- convergent to ip G L 2 [E,v) as 
n oo. Tnen (<p n , <Pn)n; w G N, zs bounded. 

(b) Let <p n G C, n G N, &e a sequence such that (<p n , <p n ) n is bounded. Then there exists a 
subsequence <p nk G C, k G N, w-convergent to some (p G L 2 {E, u) as k — >■ oo. 
(^cj Lei <p n G C, n G N, fre a sequence w-convergent to ip £ L 2 {E, u) and let ip n G C, n G N 7 
6e a sequence that s-converges to ip G L 2 {E, v) as n — >• oo. Tnen (<p n , ■?/>„)„ (<p, V^- 

fa^ Lei (/)„ 6 C, ii 6 N, 6e a sequence w-converging to <p G C as n — >• oo and /et G C ; 
n£N, 6e a sequence w-converging to ip G C as n — )■ oo. Suppose 

((p n ~<P, i>n-i>)n > 0, 71 G N. (2.3) 

Tnen 

liminf((p n , Vn)n > (<P, ^) ■ 

n— >oo 

fej Let <p n G C, n G N ; fre a sequence w-convergent to <p G C. Tnen we nave 

liminf(<p n , <p n ) n > (<p , <p) . 

n— >oo 

In ine following, let ip n G V, n G N, /e£ ^ G L°°(-E, i/), ana" assume ip n p ^± 4>P f or 
all p eC. 

(f) Let C3<p n ?T z^ ^ £ 2 (£, *0- Taen <p n *Pn ^± <pi>- 

(g) LetC3 cp n ^ <p G L 2 (£, i/). Taen cp n ipn <P^- 
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Proof. For the proofs of (a) through (c), we will refer to [14J. 

(a) and (c) The situation in Section 3 of [H] is compatible with the setting here. In particular, 
there it is assumed that E is a metric space and Definition 3.1 yields a linear set C. Replacing 
in the statement of [H], Lemma 3.2 (b), Cb(E) by T and using the above properties of T 
the assertion of [H|, Lemma 3.2 (b), becomes obvious. The proofs of Proposition 3.3 (a) 
and (b) can now be followed word for word with T instead of C^iE). In this way, we have 
verified (a) and (c) of the present proposition. 

(b) This has been demonstrated in [T4], proof of Proposition 2.3 (a). 

(d) Because of <p n ^ <p, ip n ^ ip, and ip, ip G C, we have (<p n , ip) n ^± (<p , ip), 
(<P, ?Pn)n ^± (<p, ip), and (ip, ip) n ^ (<p, ip). The lemma is now a consequence of 
hypothesis (12.31) and 

(<Pn,1pn)n = (fn , 1p)n + {<P , 1pn)n ~ (<P , 1p)n + (<Pn ~ ¥ , ~ 1p)n ■ 

(e) This is an immediate consequence of part (d). 

(f ) Let p G C. According to Lemma 12.11 (e) and hypotheses, we have p> n ip n G C, n G N, and 
C 3 ip n p ^± ipp £ L 2 (E, u). From part (c), we obtain 

(<f n 1p n , p) n = (lfi n , 1p n p) n ^ (ip , Ipp) = (ipip , p) . 

(g) It remains to note that by parts (c) and (f), we have p> n ip\ ^± fip 2 which yields by 
part (c) 

((pip , (pip) ■ 

□ 

2.2 Mosco Type Convergence of Non-Symmetric Forms on Se- 
quences of L 2 -Spaces 

For every jiGN, let (T n ^)t>o be a strongly continuous contraction semigroup in L 2 (E, u n ) 
and let (T t ) t > be a strongly continuous contraction semigroup in L 2 {E,v). Denote by S n , 
A n , (G nj/ 3) ( g >0 the bilinear form in the sense of Section 1, the generator, and the family of 
resolvents associated with (T n;t ) t > , n G N. Similarly, let S, A, and (G ( g)/?>o the bilinear 
form, the generator, and the family of resolvents associated with (T t )t>o- For f3 > 0, n G N, 
>p n G D(S n ), ip n G L 2 (E, u n ), set S n ^(tp n , ip n ) := (3{ip n , ip n )n+S n (<p n , ip n ), and for <p G D(S), 
ip G L 2 (E, u), define Sf,{<p, ip) := /3(tp , ip) + S(<p, ip). 

Definition 2.4 We say that S n , n G N, pre-converges to S if 

(i) For every <p G L 2 (E, u) and every subsequence (p nk G D(S nk ) DC, k G N, ^-converging 
to ip such that sup fcgN (A nk <p nk , A nk ip nk ) nk < oo, we have 

S((p,(p)< lim inf S nk (<p nk ,<p nk ). 
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(ii) For every ip G D(S), there exists a sequence ip n G D(S n ) H C, n G N, s-converging to 
ip such that 

lim sup S n (ip n ,ip n ) < S(ip,ip) . 

Lemma 2.5 Lei S n , n £ N, be a sequence of bilinear forms pre- convergent to S . In addition, 
let w n G D(S n ) fl C, n G N, fre a sequence w-converging to some w G L 2 (E,u) and let 
v n G D(S n ) nC, n e N, be a sequence s-converging to v G -0(5) m i/ie sense of condition 
(ii) of Definition \2.4\ Suppose sup ngN (A n w n , A n u; n ) n < oo. 

(a) The limit lim ri _ 5>00 (S' n (f n , w n ) + S n (w n ,v n )) exists and we have 

lim (S n (v n ,w n ) + S n (w n ,v n )) = S(v,w) + S(w,v) . 

n— >oo 

(b) For (3 > and lim sup^^ S ni p(w n , w n ) < oo then 

lim (S n> p(v n , w n ) + S n p(w n , v n )) = Sp(v, w) + Sp(w, v) . 

n— >oo 

The lemma holds also for subsequences n^, k 6N, of indices. 

Proof. See [14] , proof of Lemma 2.5. However note the difference in the definition of pre- 
convergence, cf. condition (i) in Definition 12.41 Note also that sup n€N (A n w n , A n w n ) n < oo 
implies by Proposition 12.31 (a) the corresponding assumptions of Lemma 2.5 in |14j . □ 

Let us introduce the following condition. 

(c3) (i) Q := {Gpg : g G C, (3 > 0} C C in the sense that for every g G C and > 0, there 
is a u G C with Gpg = u t/-a.e. 

(ii) Q n := {G nt pg : g G C, (3 > 0} C C, n G N, in the sense that for every g G C, 
(3 > 0, and every n G N, there exists a t> G C such that Gn^fi 1 = v v n -&.e. 

(in) Q> := {G' p g : g G C, f3 > 0} C C. 

(iu) ^ := {G' n/3 g : 5 G C, /3 > 0} C C, n G N. 

Remark (3) Imposing condition (i) on S n , n G N, and 5, we implicitly require that (p G 
D(S). On the one hand we suppose that <p nk G D(S nk ) HC, k e N, w-converges to ip. This 
implies sup fcgN (p nk , p nk ) nk < oo by Proposition 12.31 (a). On the other hand, we require 
sup fc6N (A nk p nk , A nk ip nk ) nfc < oo. Thus 

< liniinf S nk (<p nk ,<p nk ) < limsup (-A„ fe ^ nfc , (f nk ) nk < oo 

fc— >co fe— >co 

which, by definition, says that cp G D(S). 

Conversely, in order to verify condition (i) in Definition I2.4[ it makes sense to show 
that D(S nk ) HC 3 ip nk ^ ip G L 2 (E,u) and sup fceN (A nfe y? nfe , A n y? nfc ) nfc < oo imply 
<p G -0(5") = -D(A). This is how we proceed in the proof of Proposition 14.111 Step 3. 

Lemma 2.6 Let S n , n e N, be a sequence of bilinear forms pre- convergent to S . Fur- 
thermore, let f5 > and let u n G D(S n ) fl C, n G N, be a w-convergent sequence with 
sup ngN (A n w n , A n u n ) n < oo. Let u G D(S). Introduce the following conditions. 
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(iii) Let u n , n G N ; and u as above. 

lim S n ,p(u n ,ip n ) = Sp(u,if)) (2.4) 

n— >oo 

for all if) G C and all sequences ip n G C, n G N, s-convergent to if) yields 

lim S n> p(if) n ,u n ) = Sp(if),u) (2.5) 

n— >oc 

for all if) G D(S) and all sequences ip n G D(S n ) fl C, n G N, s-convergent to if). 

(iv) Lei n n; nGN, and u as above. If (3u n — A n u n (3u — Au then u n u. 
Then (iv) implies (iii). 

Remark (4) In (iii), we require that (12. 4p holds for all if) G C and all sequences if) n G C, 
nGN, s-convergent to if). It is equivalent to replace in this sentence if) G C by if) G C for 
any dense subset C of L 2 (E, v). For this, recall also Proposition 12.31 (a). 

Proof. Let us assume (iv) and (12.41) . We verify (12.51) . For this, let us specify for a moment 
if) n := if), n G N. It follows then from Remark (2) and f!2.4[) that (5u n — A n u n (5u — Au. 

Condition (iv) implies now that u n — u. From Lemma [2.51 and (12.41) . we obtain 

lim S n p(if> n ,u n ) = lim {S n>j3 (if) n , u n ) + S n p(u n , if) n )} - lim S n p(u n ,if) n ) 

n— >oo n— loo n— >oo 

= {Sp(ip, u) + S p (u, if))}- Spin, ip) 
= Sp(ip,u) 

for all if) G D(S) and all sequences if) n G D(S n ) fl C, n G N, s-convergent to ^. □ 

Definition 2.4 continued Let S n , n G N, be a sequence of bilinear forms pre-convergent 
to 5. If, in addition, condition (iii) is satisfied, then we say that S n , nGN, converges to S. 

Theorem 2.7 Let > 0, suppose that conditions (cl) - (c3) are satisfied, and assume that 
S n , nGN, converges to S in the sense of Definition \2.J\ 

(a) For all f G L 2 (E, u) and all sequences f n G C w-converging to f , G n ^f n w-converges to 
Gpf and G' n of n w-converges to G'pf as n — > oo. 

(b) For all g G L 2 (E,v) and all sequences g n G C s-converging to g, G n> pg n s-converges to 
Gpg as n — )■ oo. 

Proof. In Step 1 below, we will show that for all g G C, G n ^g s-converges to G@g. In Step 
2 we will use the ideas of Step 1 to prove that for all / G L 2 (E, u) and all sequences f n G C 
w-converging to /, G n ^f n w-converges to Gpf. In Step 3, we will demonstrate that for all 
g G L 2 (E, v) and all sequences g n G C s-converging to g, G n> pg n s-converges to Gpg. Finally, 
Step 4 will be devoted to the verification of the second part of (a) as a consequence of part 
(b). 

Step 1 Fix g G C and /3 > 0. Set u n := G n ^pg. Because of (u n , u n )l/ 2 < 4 sup n , gN (g , g}^, 2 < 
oo, n G N, and Proposition 12.31 (b), there exists a subsequence u Hk , k G N, w-converging 
to some u G L 2 (E, v). For this, recall also condition (c3). Because of Remark (3), we even 
may conclude u G D(S) since 

sup (A nk u nk , A nk u nk ) = sup (fiu nk - g , (3u nk - g) < 4 sup((? , g)n k < 00 • 
fceN " fceN " fceN 



Set u := Gpg and let if) G D(S). We have lim^^ S n ,p(G n ,pg, if> n ) = \im n ^ 00 (g , if) n ) n = 
(g , if)) = Sp(Gpg,ip) for all sequences if> n G C s-converging to if). Thus, condition (iii) of 
Definition 12 A\ Remark (4), and Lemma [2.51 imply that 

Sp(if),u) + Sp(u,if)) = lim {S nk ,p(ip nk ,G nk> pg) + S nkt p(G nk ,pg,ip nk )} 

= Sp(if),u)+Sp(u,iP) (2.6) 

for all if) G -0(5") and all sequences ip n G D(S n ) C\C s-converging to if) in the sense of condition 
(ii) of Definition 12 .41 Note that, in order to use Lemma [2~5l we verify sup ngN (y4 n M n , A n u n ) n < 
oo as above. 

Applying (12. 6ft to both, if) — u and if) = u, we conclude Sp(u — u,u — u) =0 and thus 
u = u. In other words, G n ^g Gpg, independent of the above chosen subsequence n k , 

k G N. G n ^g — ^ Gpg is now a consequence of Proposition 12.31 (e), condition (c3) (ii), 
and Definition 12.41 (i). which imply 

f3{Gpg , Gpg) + S(Gpg, Gpg) < liminf {/3(G n ^g , G n ,pg) n + S n (G ni pg, G n ^g)} 

n— >oo 

= liminf^, G U) pg) n 

n— >oo 

= (9 , Gpg) 

= (3(Gpg,Gpg) + S(Gpg,Gpg) 
and thus \im n _ >OD (G n ^g , G n ^g) n = (Gpg, Gpg). 

Step 2 Let / G L 2 (E, v), f n G C, n G N, be a sequence w- converging to /. Set u n := G n ^f n . 
By Proposition 12.31 (a) we have (u n , u n )n 2 < \ sup n , eN (/ n / , f n ')H' 2 < oo, n G N. Because 
of Proposition 12.31 (b) and Remark (3) there exists a subsequence u nk -u;- converging to some 
u G D(S) as — > oo. Here we have used 

sup (A nfc u nfc , A nk u nk ) = sup (/3w nfc - f nk , /3u nfe - / nfc ) < 4sup(/ nfc , / nfc )„ fc < oo , 

fceN fcGN fceN 

the latter by Proposition 12.31 (a). 

Set u := G@f and let if) G D(S). As in Step 1, we have lirn^oo S n; p(G ni pf n , if> n ) = 
lim n ^ 00 (/ n , ip n ) n = (f , if)) = Sp(Gpf, if)) for all sequences if) n G C s-converging to if). Thus, 
condition (iii) of Definition 12 A\ Remark (4), and Lemma [2.51 yield as in Step 1 Sp(if>,u) + 
Sp(u,if>) = Sp(if>,u) + Sp(u,if)) for all if) G D(S). Note again that, in order to use Lemma 
12. 5[ we have sup fceN (A nk u nk , A nk u Uk ) nk < oo. Again we may conclude u = u. We have thus 
verified G n ^f n )T -^ Gpf, independent of the above chosen subsequence n k , k G N. 

Step 3 Now, let g G L 2 (E, v) and g n G C, n G N, such that g n g. Let <p G C, £ > 0, 

and choose g G C with (g — g , g — g) 1 ^ 2 < e. We have 

|((G n ,^n , <?)n - , <f)) ~ ((Gn,pg , <f)n ~ {Gpg , 

< \(G n ,p(g n - g) , <p) n \ + \(Gp(g-g), ip)\ 

< ]§{<P , V?)n /2 ((9n , ~ 2(g n , + (tj , ^)„) 1/2 + | {(p , <^) 1/2 

^ i(y ,<p) 1/2 (9 ~ ~9 ,9 ~ 9) 1/2 + f (V ,^) 1/2 = f , ^) 1/2 • 

Together with G„ >/3 (? ^ G^g (cf. Step 1), this implies G n ^g n ^ G^g. Similarly, we 
obtain 

n,pgn i ^"n,p9n )n - (Gpg, Gpg)) - ({G n ,pg , G n ^g) n - (Gpg, Gpg))\ 
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< \{G n A9n + g), G niP (g n - g)) n \ + \ (Gp(g + g), Gp(g-g))\ 

< ± sup(#„ + g , g n + g)]l 2 ({g n , g n ) n - 2(g n , g) n + (g , g) n ) 1/2 + 4s (g + g , g + g) l/2 

~h su p(^n + g,g n + g)]l 2 (g - 9 , 9 - g) 1 ' 2 + -k(g + g, g + g} 1/2 

H neN M 

= #r ( sup(#„ + ~g , g n + g)l/ 2 + (g + ~g , g + g) 1/2 j , 

— — 1/2 — 

note that sup neN (5f n +5f, 5f n +5f)„ 7 < oo since g n +g ^ g+g. Together with G„^g ^ 
Gpg (cf. Step 1), and G n . 3 g n ^ G^, this implies G n ^g n ^ Ggg. 

S'iep ^ Let / G L 2 (E, u), f n G C, n G N, be a sequence u>-converging to /, and let (p e C. 
By the result of Step 1 and Proposition 12.31 (c), we have 

(G' n ^fn , <p)n = (fn , G n ^) n 

^± (f , Gpp) 
= (Cpf , v) ■ 

This means nothing but G' nJ3 f n ^ G' p f . □ 

Lemma 2.8 Let S n , n eN, be a sequence of bilinear forms pre- convergent to S . Condition 
(Hi) implies condition (iv). 

Proof. Suppose we have condition (iii). Let us also assume that (3u n — A n u n ^-converges to 
(3u — Au. We show that u n w-converges to u. 

For all if) G C and all sequences if) n G C, n G N, s-convergent to if), we have because of 
Proposition 12.31 (c), 

S n ,p{u n , if) n ) = (f3u n - A n u n , 1p n ) n 
^ (f3u -Au,if)) 
= Sp{u,if)). 

From condition (iii), it follows that 

for all if) G D(S) and all sequences ip n G D(S n ) DC, n G N, s-convergent to if). In particular, 
we can take g G C, if) n := G n ^g, neN, and if) := Gpg. For this, recall also condition (c3). 
According to Theorem I2.7[ if> n — s-± if). Thus, 

(g , u n ) n = S n ^(ip n , u n ) 

= (g,u) 

which means that u„ — ^ u. We have verified (iv). □ 

Remarks (5) Lemma \2. 6 1 and Lemma I2TB1 together show that under (i) and (ii) of Definition 
I2.4[ conditions (iii) and (iv) are equivalent. 
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(6) By virtue of Remark (1), and condition (c3), from Theorem 12.71 and Proposition 12.31 (d) 
it follows that 



(Gn,pg — Gpg , G n> pg — Gpg) n 







(2.7) 



and 



lim mi(G' n /3 g , G' nfi g) n > {G' p g , G' p g) , g eC. 



In order to prove convergence of forms S n , n G N, to a form S let us introduce one more 
condition: 

(c4) D(S) C C in the sense that for every (p G D(S), there is a u G C with ip = u v-a..e. 

In the next proposition we formulate conditions under which (i)-(iii) of Definition 12.41 
become necessary. For this recall Remark (3). 

Proposition 2.9 Suppose that conditions (cl) - (c4) are satisfied. Let (Gp)p>o be the resol- 
vent of a strongly continuous contraction semigroup (T t ) t > on L 2 (E, v) and let (G n ,/3) / 9>o be 
the resolvent of a strongly continuous contraction semigroup (T n> t)t>o on L 2 (E,v n ), n G N. 
Suppose we have the following. 

(i) G n> pg s-converges to Gpg and G' n /3 g s-converges to G'^g as n — > oo for every g G C 
and (3 > 0. 

(ii) ip G D{S n ) n C = D(A n ) n C implies 4) G D{A' n ). 

(in) Let D(S nk )nC 3 <f nk L 2 {E, v) such that sup fcgN (A nk <f nk , A nk ip nk ) nk < oo. 

Then <p G D(S) and sup fceN « fe </?n fc , K k 9n k ) nk < oo. 

Then the forms S n , n G N, associated with (T n ,t)t>o converge to the form S associated with 
(T t )t>o as n — > oo in the sense of Definition \2.J\ 

Proof. Step 1 In the first two steps, we verify condition (i) of Definition 12.41 For a 
clearer presentation, we ignore subsequences. Let us introduce bilinear forms S^'(w,w) := 
(3 (w - (3Gpw , w), w G D(S), and Sn\w n ,w n ) := (3 (w n - 0G n>/3 w n , w n ) n , w n G D(S n ), 
n G N, which can be considered a counterpart to the Deny-Yosida approximation in Dirichlet 
form theory. Classical semigroup theory says that (3 (w — (3Gpw) — Aw in L 2 (E, v) 

and therefore 



S w (w,w) = (3((p — (3Gpw , w) 



S{w,w), weD(S). 



and similarly lirng-^oo Sn (w n , w n ) = S n (w n ,w n ), w n G D(S n ), n G N. Differentiating with 
respect to (3 and applying the resolvent identity we get 



d 

dp 



S^\w n ,w n ) 



d 

dp 



(3(w n - (3Gf3W n , w n ) n 



w n ) n 

((A n Gn t/3 ) 2 w n , w n ) n 
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(G n ,pA n G nt pw n , 
(G 2 nJj A n w n , A' n w n ) i 
< — (A n w n , AnWn)^ 2 (A' n w n , A' n w n )]l 2 , w n G D(S n ), 

where, for the last three lines we have applied hypothesis (ii). It follows now from hypothesis 
(hi) that linig^oo Sn\w n , w n ) = S n (w n ,w n ) uniformly in n G N whenever sup n6N (A n tp n , 

A n Pn) n < OO. 

Step 2 Let us complete the verification of condition (i) of Definition 12 .41 Let C 3 tp n — ^ tp G 
C and recall (c4). We can decompose 

S nK<Pn, Vn) ~ S W (tp, tp) = (<p n ~ 0G n fitp n , <p n ) n - (<p - 0G pip , tp) 
= 0(tp n - 0G n>j3 tp , if) n + 0(ip - 0Gptp , (f n ) n 

-0 (tp - 0G p tp ,(p) n -0(<p- 0Gptp , ip) 

+0 2 (Gptp - G nfi ip - G'^tp, ip n - ip) n 
+0(tp n ->p- 0G n>/3 (tp n -(p),<p n - ¥>)n ■ 

Let us analyze the items on the right-hand side. 

(1) (tp n - 0G n> ptp , tp) n ^± {ip- 0G (5 tp , tp) because of p> n - 0G n>/3 tp tp - fiGptp, 
cf. (i) of this proposition, 

(2) (ip — 0Gp(p , <p n )n (v 9 — PGpp , tp) because of <p — ftGptp G C (cf. condition (c3) 
and Lemma 2.1 (b)) and ip n tp, 

(3) (tp — ftGptp , tp) n (tp — PGptp, tp) because of condition (c3), Lemma [2~T1 (b) and, 
thus, tp — fiGptp G C, and Lemma I27T1 (d), 

(4) (Gptp-G n> ptp-G' nt ptp, <p n -tp) n ^± because oiGptp-G^ptp-G'^tp -G'^tp 
(cf. (i) of this proposition), tp n — tp — ^ 0, and Proposition 12.31 (c), 

(5) (tp n — tp — 0G n ^{tp n — tp) , tp n — tp) n > because of Lemma 2.1 (b) in [14] . 

Therefore, liminf^oo (tp n , tp n ) > S^(tp,tp) : > 0. With the result of Step 1, we get 
lim inf S n (<p n ,<p n ) > S(tp,tp) which, by condition (hi) of the present proposition and 
(c4), is condition (i) of Definition 12.41 

Step 3 Let us verify condition (ii) of Definition 12 .41 Among others things, we will use an idea 
from the proof of [15], Theorem 2.4.1, part (jj). Let ip G D(S) and recall that, because of 
(c4), we have ip G C. According to G n ,/# Gpip, we have S^\ip,ip) ^± S^\ip,ip), 

> 0. On the other hand, it holds that S™>(ip,ip) S(ip,ip), cf. Step 1. Thus, there 

exists a sequence n , n G N, with n oo such that 

lim S^ M (ip,ip) = S(ip,ip) . (2.8) 
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Because of 

S^ n \ip, il>) = Sn(PnG n ,^ , f3 n G n ^) + fi n (^ - , $ - (3 n G n ^) n (2.9) 

and S n (f3 n G n ^ n ip , n G n ^ n ip) > it follows from that 

(4> - PnG n ,j3 n i> , $ - PnG n ,j3 n 1p)n ^ (2.10) 

which implies 

KV> - PnG^pJ) , <p) n \ < (V - /3 n Gn,p n i> , V - PnGn^yj 2 ^ , # 

s=s* 0, ^eC. 
Thus (3 n G nt i3 n ip — ^ and (I2.10p provides 

PnG n ,p n ip ^ V- 
Relations (I2.8P and (12.91) imply now 

limsup5' n (/3 n G' ni/ g ri ^,/3„G ni/ 3 n V') < S(ip,ip) . 

Choosing ip n := (3 n G n ,i3 n ip, n G N, this verifies condition (ii) of Definition 12.41 for ip G D(S). 
The case t/> -0(5*) is trivial. 

Step 4 111 order to verify condition (iii) of Definition I2.4[ let > 0, ip an d let 

m„ G D(S n ), n G N, be a u>-convergent sequence with the properties mentioned in Lemma 
12.61 and u G D(S). We assume that ]im n - ¥ . 0O S nj p(u n ,'^n) — Spiu^ip) for all sequences ip n G C 
s-converging to Recalling hypothesis (i) it follows that for g G C, ipn '■= G' n gg, n G N, 
and ^ := G'^g we have 

lim(u n ,p) n = lira S n ^(u n , ipn) 

n— >oo n— Kxs 

= (u,g). 

This means that w ra w-converges to it. For this, also note that because of condition (c3), 
ip,ip n & C, n E N. Let now ip G -0(5") and ^ n G D(S n ) flC, n G N, be a sequence s-convergent 
to ip. Lemma [23] yields lim^oo S nj p(ip n , u n ) = Sp(ip,u). □ 

We conclude this subsection with the proof of s-convergence of the associated semigroups. 
For this, let us introduce the following condition. 

(c5) T := {T t g : g G C, (3 > 0} C C, T n := {T n>t g : g G C, (5 > 0} C C, V := : <? G 

C, /3 > 0} C C, and 7^ := {T' nt g : g G C, /3 > 0} C C, n G N, in the sense of condition 
(c3). 

Theorem 2.10 Suppose that (cl),(c2),(c3),(c5) are satisfied. Then, for all g G C and 
P> 0,0^9 ^ G^gandG'^g ^ G'^g iff T n , t g ^ T t g andT'^g ^ Ifr. 
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Proof. In Steps 1 and 2, we demonstrate that G n ^g Gpg implies T n ^g T t g 

and T n,t9 ^ T[g. In Step 3, we verify that T n , t g -s^ T t g and T' n t g T/p implies 

SYep 1 In this step, let us show that T n i / ^^-^ T t f for all f E C. Of course, then also 
T^j/ T' t f holds for all / EC. For well-definiteness, recall condition (c5). Since both, 

C and D(A 2 ), are dense in L 2 (E, u) it is sufficient to verify this claim for / = (Gp) 2 h, h EC. 
Set g = Gph. With [16j, Lemma 4.1 of Chapter 3, we have 

{T n ,tf ~ T t f , (p) n = (T n>t Gpg - TtGpg , <p) n 

= (T n)t G/3g - T njt G n>/3 g , <p) n + (G njj3 T n>t g - G njj3 T t g , <p) n + (G nt/3 T t g - G$T t g , 

= {TnjGpg - T njt G n>/3 g , - ^ ^T n ^ 8 {Gp - G n ^)T s hds , y?^) 

+(G n ^T t g - GffTtg ,(p) n . 

It follows from the Schwarz inequality, ( 12.71) . and contractivity of T njt in L 2 (E,u n ) that 
the first item of the right-hand side tends to zero. That the third item of the right-hand 
side tends to zero is a consequence of the Schwarz inequality and (12. 7p . Thus, it remains 
to demonstrate that (J Q T n ^_ s {Gp — G nt/ 3)T s hds , (p) n ^± 0. But using again Schwarz' 
inequality, and contractivity of all the T n t _ s , this follows from 

^ f*T njt - s (Gj3 - G nfi )T s hds , ip^i 

< J*((Gp-G n ,p)T s h, (Gp-G^Tsh) 1 ^^,^ 2 ds, (2.11) 
condition (c5), relation ( 12 . T[) . and dominated convergence. 

Step 2 Now, let us prove that T n<t f T t f for all / EC. Again, we choose / = {Gp) 2 h 

where h E C, set g = Gph, and decompose 

T n ,tf — T t f 

= (T n)t G p g - T n>t G n ^g) - ( j'lT n ^ s (Gp - G n ,p)T a hds \ + (G n ^T t g - G p T t g) . 

That the L 2 (E, i/ n )-norms of the first and the third item tend to zero as n — > oo follows 
from the contractivity of the semigroups and relation (12. 7ft . The arguments used already in 
Step 1, flgTIU) , lead to 

^ $1 T n t- s {Gp - G n j)T s h ds , / * T n>t -. s (Gp - G n> p)T s h ds^ ^± . 

Step 3 This follows from G p f = e'^TJ dt, G n , p f = f™ e~^T n J dt, n E N, f E C, and 
dominated convergence. □ 

Remark (7) As in Remark (6), it follows that 

(T n ,tg - Ttg , T n>t g - T t g) n ^ 

and 

liminf(T^, T. " t g) n > (T{g , T[g) 
if T n ,g ^ T t g and T' n t g ^ T[g, g E C. 
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2.3 Mosco Type Convergence of Non-Positive Non-Symmetric 
Forms 

For the remainder of this section, let us drop the assumption that the semigroups (T n t ) t > , 
n E N, and (T t ) t > are contractive. As a consequence, we cannot state positivity of the 
associated bilinear forms. We are interested in substitutes for Theorem 12.71 For this, we 
collect almost everything still necessary for the remainder of the section in the following 
condition. 

(c6) (?) 1 G D(A') and 1 G D(A' n ), n G N, and sup ngN \\A' n l\\ Laa{E ^ n) < oo. 

(ii) T/l G L°°(E, u) and the limit A'l = lim^ \{T^1 - 1) exists in L°°(E, u). 

(in) There exist N n G B(E n ) with u n (N n ) ^± such that for <p G C there is 
$ n = ® n (<p) G C with $„ = • on £ n \ N n . Furthermore, $„ ^ A'l • p. 
Alternatively assume A' n l G V, n G N, and A^l • y? A'l • y? for all y? G C. 

(z'u) For iieN, there exists a set T> n C D(S n ) fl L°°(E, u n ) which is dense in D(S n ) 
with respect to the norm \\f\\ Dn '■= ((/, /}n + (AJ , A n /) n ) 1/2 . 

Define D(5' n ) := T>(S n ), n G N, £>(£) := £>(£), and 

G D(S n ), v n G L 2 (E,is n ), n G N, (2.12) 

and 

:=£(«,«) + A(A'l-u, v), m G D(S), v G L 2 (E, v). (2.13) 



Lemma 2.11 Suppose (c6). We have S n (u n ,u n ) > 0, u n G D(S n ), n EN, and S(u,u) > 0, 
u E D(S). 

Proof. SYep 1 We prove the claim for S. Note that T f 'l G L°°(E,u) (cf. (c6(zi))) and 
observe 

||Tiu|| L i(£» < ||T t |w|||ii(£; )V ) = (T/l, u G L 2 (E,v). 

This implies 

(T t u,T t u) < \\T t u 2 \\ LHE ^ < J T;i-u 2 du, u E L 2 (E,u), t > 0. 
Consequently, 

1/2 

1/2 



(T t u ,u)< (^j T/l ■ u 2 di/^ •<«,«> 



1/2 

(u,u) + (u, u) 1/2 [ ( / T/l • w 2 ) - (u , u) l/2 



and therefore 



(u,uy/ 2 + (fT(l-u 2 du) 

15 



— (i (T/l - 1) « , it) < I( W - T t u, u) , uE L 2 (E, u). 



Recalling 1 G D(A') (cf. (c6(z))) and (c6(n)), and letting t — > 0, it turns out that 

it, w) < S(u,u), ueD(S). 

Step 2 We prove the claim for S n . For this, we choose u n G D n (cf. (c6(if ))) and proceed 
as in Step 1. We arrive at 



(u n , U n ) n 



1/2 



(U U ) l/2 +(fV 1-U 2 dv y/2 \H T n,t*-*)u n , U n ) n < ±( Un -T n , t U n , U n ) n . 

Letting again t — > 0, we obtain — • w n , u n ) < S(u n ,u n ) for all u n G -D„. Let us 
finally mention that, in contrast to Step 1, we do not require T nt l G L°°(E,u n ). We 
compensate this by requiring u n G D n C L°°(E, u n ). But with (c6(it>)), we get finally 
-\(A' n l-u n , u n ) < S(u n ,u n ) for all u n G D(S n ). □ 

Let us assume that there are Markov processes associated with the semigroups (T ni4 ) t > , 
n G N, and (T t ) t > : For n G N, let X n = ((X*) t > , {PJl)n&E n ) be a process taking values 
in i? n which corresponds to the semigroup (T nji ) t >o and the form S n . Furthermore, let 
X = ((X t )t>o, {Pfi)neE) be a process associated with the semigroup (T t ) t > and the form S 
which takes values in some subset of E. Suppose that the paths of the processes X n , n G N, 
and X are cadlag. For (3 > 0, introduce G n $g n := J °° e _/3 *T nt g n dt, g n G L°°(E, i/ n ), n G N, 
G^fi 1 := f<T e ~^ T tgdt, g G L°°(E,u). Since the semigroups (T n , t )t> , n G N, and (T t ) t > 
are not necessarily contractive, the associated families of resolvents (G n ^)^ >0 , n G N, and 
(G ( a)^ >0 may not directly be well-defined on the corresponding L 2 -spaces. 

Set D(A n ) := D(A n ), n G N, D(A) := .0(A), and 

A n u n := A n w n - • u n , w n G D(A n ), neN, (2.14) 

and 

Am := Au - | A'l • u , w G D(A) . (2.15) 

Let id n denote the identity operator in L 2 (E,v n ), neN, and let id denote the identity 
operator in L 2 (E, v). 

Lemma 2.12 Suppose (c6) and let C := IH^'lH^oo^ ^ V sup neN 5l|^I||z,°°(J5,i/ n )- (a) The 
operator A n is the generator of a strongly continuous contraction semigroup (Tt, n )t>o in 
L 2 (E,u n ), neN, and the operator A is the generator of a strongly continuous contraction 
semigroup (T t )t>o in L 2 {E,v). In addition, we have \\T^ng\\L°°(E,u n ) < e |blU°° (£,!/„) if 
g G L™(E,i, n ), neN, and \\f t g\\ L ^ E , v) < e 0t \\g\\ L oo {EjU) if g G L°°(E, u), t > 0. 
(b) Let a > C . The operator A n — aid n is the generator of a strongly continuous contraction 
semigroup (T , a ,n,t)t>o in L 2 (E, u n ), neN, and the operator A — aid is the generator of a 
strongly continuous contraction semigroup (T Qtt )t>o in L 2 (E,u). 

Proof. Adapting the ideas of the proof of Lemma [2.111 we obtain for u G L°°(E, u) 

{u,u)^-\({T t u,T t u)^-{u,u) x l 2 ) 
{u,u) 1 ' 2 

(jT;i-u 2 du) 1/z + ( u ,uy/ 2 



< — ^ !/2 ; ■ u / n*-u 2 dv-{u, U ) 
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which results for u = T s v, v £ L°°(E, is), t in j- s (T s v,T s v) 1 ' 2 < |||A'I||(7>, T^) 1 / 2 , 
s > 0. This implies (T s v,T s v) l l 2 < e^ A '^'(v,v)^ 2 , v £ L 2 (E,is), s > 0. Similarly, 
(T n>s v, Tn^v) 1 / 2 < e^ A '^ s {v,v) 1 ' 2 , v £ L 2 (E,is n ), s > 0, n £ N. 

(a) We prove the claim for (T) t > . According to the Phillips-Lumer Theorem (cf. [TB] . 
Theorem 1.4.3, or [TB], Section IX.8) and our Lemma 12.1 1[ it is sufficient to demonstrate 
that, for some a > \\A'1\\l°°(e,v) the range of (aid — A) is L 2 (E,is). But this follows 
immediately from the Feynman-Kac formula, 

u = E. Qf exp | -at - jf §A'I(X S ) dsj u(X t ) (2.16) 

(E stands for the expectation) which represents the solution to 

au — Au = au — Au + \A'l ■ u = v , v £ L 2 (E, is) . 
We note that u = G&(v — \A'\ • u) £ D(A) and that (12.161) corresponds to 

f t v = E. ^exp j— ^A'1(X S ) <is j v(X t )\ , v e L 2 {E,is). (2.17) 

We get ||T t ^|| i0 o( E)I/ ) < e^ll^llioo^^) if g £ L°°(E,is), t > 0, from (I2.17P and condition 
(c6(<),(»)). 

(b) Keeping (12.161) and ( 12. 17ft in mind, this follows from similar considerations noting that, 
as a consequence Lemma 12.111 S n>a , n £ N, and S a are non-negative forms. □ 

Remark (8) Another consequence of Lemma 12.121 is that, besides the definitions ( 12. 12(1 - 
(12.151) . An, S n , (T n>t )t>o, n £ N, and A, S, (T t ) t > are related as described in Section 1. 

In addition, let (G n ,p)p>o, denote the resolvent associated with A n , S n , (T njt ) t > , n £ N, and 
let (G j g) / 3> , denote the resolvent associated with A, S, {T t ) t > . 

In order to handle the application in Section 4, it also seems to be beneficial to consider the 
following stronger condition in place of (c3) and the related Lemma 12.131 

(c3') (i) If C C L°°(E,is) then {Gpg : g £ L°°{E,is) , (3 > 0} C C in the sense that for 
every g £ L°°(E, is), there is a u £ C with Gpg = u is-a..e. Otherwise, D(S) C C. 

(ii) If, for n £ N, C C L°°(E,u n ) then {G n ,/tf : £ £ L°°(£, i/ n ) , /3 > 0} C C in 
the sense that for every g £ L°°(E, u n ), there is a u £ C with G n ^g = u i/ n -a.e. 
Otherwise, D(S' n ) C C. 

Lemma 2.13 Suppose (c6). (a) If (cS'(i)) then condition (c3(i)) holds for S in place of S. 
(b) If (c3'(ii)) then condition (c3(ii)) holds for S n , in place of S n , n £ N. 

Proof. We show (a). Let (3 > and g £ L°°(E,is) if C C L°°(E,u). Otherwise, let 
p £ L 2 (E,is). We have 

/3G> - AG^ = g = (3Gpg - AG p g + \A!l ■ G p g. 
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In addition, recall that Gpg G L°°(E, u) if g G L°°(E, u) which is a standard consequence of 
Lemma 12. 121 (a). Because of A'l G L°°(E, v) (cf. condition (c6(n)), we have g — ^A'l-Gpg G 
L°°(E, u) if C C L°°(E, is), or otherwise # - \A'1-Gpg G L 2 (£, i/). The last identity implies 



G#7 = Gf9 ((y-iA'I-G^) . 



Condition (c3'(i)) shows now Gpg G C. Condition (c3(i)) relative to S is now a consequence 
of D(£) = D(A) = {Gpg : g e L 2 (E,u)}. □ 

Theorem 2.14 Suppose (cl),(c2), and (c6). Furthermore, suppose (c3) for S n , neN, and 
S in place of S n , n G N, and S . Assume that the forms S n , n G N, converge to the form S 
in the sense of Definition \2.4\ Let C := lHA'lHioo^y) V sup ngN |||^4nI|U°°(s,i/„)- 
(a) Let a > 2C . Then the forms S n>a , n G N, converge to the form S a in the sense of 



Definition 2.4 



(b) For all f,g G L 2 (E,u), all sequences f n G C w-converging to f, all sequences g n G C 
s-converging to g, and all (3 > 2C , we have G n ^f n ^ Gpf, G' n pf n ^ G' p f and 

G n ,p9n ^± G^. 

(c) For (3 > 2C , the operators G n ^ and Gp can be continuously extended to operators 
G ni p : L 2 (E,u n ) -»■ L 2 (E,u n ), n G N, and Gp : L 2 (E,u) ->■ L 2 (E,v), respectively. For 
f,9,fn,9n as m (b) wehaveG n< pf n ^ Gpf,G' n pf n ^ G'pf and G nj pg n ^ G^. 

Remark (9) Recalling the proof of Theorem \2.7\ especially Step 4, it will turn out that it 
is sufficient to require (c3(z)) and (c3(u)) instead of (c3) for S n , neN, and S if we are not 
interested in the convergence of G' n p. 

Proof. In order to show part (a), in Step 1-3 below, we will verify conditions (i)-(iii) of 
Definition 12.41 for S n>a , n G N, and S a . In Step 4, we will verify (b) and (c). 

Step 1 Let us use the symbols tp n , <p, ipn, if), u n , u, as in Definition 12.41 with S and S n 
replaced with S a and S n}(X . Introduce a n := a — \A' n \ n G N, and a := a — hA'l. Since 
C is dense in L 2 (E,v) (cf. Lemma [2TT1 (c)), for given e > 0, there exists (p G C such that 
(if — (p , (p — (p) < e. Let such e and Cp be given. Condition (i) of Definition 12.41 for S n>a , 
n£N, and S a follows from 

5 a (^, = S(jp, (f) + (a 1/2 ip , a l/2 ip) , 
condition (i) for S n , n G N, and S 1 , and 

(a]l 2 ip n , al /2 (p n ) n = (a l J 2 (ip n - 0) , a^ 2 ^ - <£)}„ + 2(a n (p , y? n ) n - (<2n^ , &)n 
together with condition (c6(z), (zz), (m)) and Proposition 12.31 (c). 

Step 2 Condition (ii) of Definition 12.41 for S n>a , n G N, and S a is an immediate consequence 
of (ii) for S n , n G N, and 5 together with condition (c6(i), (ii), (Hi)). For the alternative 
use Lemma [2. II (e) as well as Proposition 12.31 (g). 

Step 3 In order to verify condition (iii) of Definition 12.41 for S n)0l , n G N, and S a , let ft > 
and suppose sup ngN (A n u n , A n u n ) n < oo as well as 

S n>a+ p(u n ,ip n ) ^ S a+ p(u,tfj). 
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Introducing v n := G n ^(— A n u n + (a + (3)u n ), n G N, and v := Gp{— Au + (a + (3)u), this 
means nothing but sup ngN (A n v n , A n v n ) n < oo as well as 

S n j(v n M ^ S^(v,if)). (2.18) 

Choosing here if) n = if), n G N, and recalling Remark (2), we get —A n v n + f3v n — 
Av + Lemma [2.81 implies v n v. Let us conclude u n — ^ it from this. 

Let p G C. We have 

(u n + G n> p(a n ■ u n ) , p) n = (G ni/ 3(-v4 n M n + (a + /3) ■ u n ) , p) n 

= (V n , p) n 
^ , P) 

= (u + G^a-u), p) . (2.19) 

On the other hand, let us assume that u n u for some u G L 2 (E,is). From condition 

(c6(i), (ii), (Hi)) and Proposition 12.31 (c),(f) we obtain the existence of \I/ n G C with ty n = 
a n ■ u n on E n \ N n and ^f n )T -^ a • u. It follows from Theorem 12.71 (a) and the hypotheses 
of the present theorem that 

(u n + G n p(a n -u n ) , p) n ^± (u + Gp(a-u) , p) , p G C. (2.20) 

According to (12.191) and (I2.20p . it holds that u — u = —Gs(a-(u—u)) which implies u G D(A) 
since u G D(A) by hypothesis and A(u — u) — /3(u — u) = a ■ (u — u) . The latter implies 

(—A(u — u) , u — u) = ((A'l — a — f3)(u — u) , u — u) . 

The left-hand side is non-negative by Lemma [2. Ill Since a > ^A'V^l^^e^) it follows that 
u = u. 

Together with the above derived relation v n — ^ v we now also have u„ — ^ u. We 
recall that from condition (c6(i), (ii), (Hi)) and Proposition 12.31 (c), (f) we obtain the exis- 
tence of f „ G C with ty n = a n ■ u n on E n \ N n and a ■ u. Together with (I2.18P and 
Proposition 12.31 (c), this leads to 

S n3( U n, VVi) = S n ^(v n , 1p n ) - (a n ■ U n , ljj n ) n 

^± Sp(v,ifi) - (a-u,ifj) 
= Sp(u,ip). 

Condition (iii) of Definition 12.41 for S n , n G N, and S implies now that 

S n ,0n,u n ) ^± S0,u). (2.21) 

Since (I2.2ip holds for arbitrary D(S n ) D C 3 ip n if) G D(S), it is also true for if) n 

replaced with if) n + G n s(^ n ) and ip replaced with ip + G^(a ■ if>) where ^ n = ^(VO G 
C with * n = A' n l ■ ip on E n \ N n and E n is as in (c6(m)). For ip n + G n j(^ n ) G C, 
n G N, recall conditions (c6(m)) and (c3) for S n as well as S, and Lemma [27T1 (e). For 
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i ) n + G n s(^ n ) ^± i J + G^(a-ip), consult condition (c6(i), (ii), (Hi)), Proposition 12.31 (g). 
and Theorem 12.71 From (12.211) . we obtain 

S n ^ a+ 0n,u n ) = S n ~ p (ip n + G n - p (a n -ip n ),u n ) 

= S n j(il> n + G n ^ n ),u n ) + (a n -i/; n -^f n , u n ) n 

S0 + Gp(a-i)),u) 

= S a+ 0,u); 

for (a n ■ ip n — \l/ n , u n ) n ^± we have already mentioned that sup ngN (w„, u n ) n < oo. 
Thus, we have (iii) for S n>a , n G N, and S a . Part (a) has been verified. 

Step 4 Part (b) is a corollary of the Lemmas 12.111 and 12.121 (a) and Theorem 12.71 For part 
(c), let (3 > 2C and recall Lemma [2.121 (b). It follows from Part (a) of the present theorem 
and from Theorem [221 that G nt pf n ^ Gpf,G' nJs f n ^ G' p f, and G n> pg n ^ Gpg. 
□ 

3 Relative Compactness 

In this section, we specify the setting of Section 2. For this, let M. X (D) denote the space 
of all probability measures on (D, 13(D)) where D is a bounded <i-dimensional domain or, 
more general, a bounded d-dimensional Riemannian manifold for some d G N. In addition, 
let M.q(D) be the quotient set of M.\(D) with respect to measures on the boundary dD, 
that is the set of all equivalence classes /x such that V\,V2 G /x implies V\\d — ^2 Id- Let both 
spaces M.i(D) and Aig(D) be endowed with the Prohorov metric. 

In particular, we will assume that E is one of the compact spaces Ai\(D) or Aig(D). 
Note that in the case of E = M.q(D), we identify all points belonging to dD with each other. 
Furthermore, for n G N, let E' n be the set of all measures /x in E of the form /x = - Y^l=i ^ 
where z\, . . . ,z n G D and 5 Z denotes the Dirac measure concentrated at z. Furthermore, let 
E := E, Ei := E[ and E n+ i := E' n+1 \ \J™ =1 E n , n G N. According to the basic setting of 
Subsection 2.1 E n and E' n differ by i/ n -zero set, n G N. It is therefore reasonable to identify 
L P (E, u n ) with both L p (E n , u n ) and L p (E' n , u n ), 1 < p < 00, n G N. 

To be consistent with [TJ], we will keep on writing Cb(E) for C(E). Choose T := Cb(E) 
and note that therefore C is now the space of all functions if G D satisfying the following. 

(cl') ip is bounded and continuous on E n , n G N. 

(c2') (<p , j>) n ^ (<p , ^) for all i> G C b (E). 

Obviously, T is dense in L 2 (E,v). Under the above choice of T, compatibility with 
Section 2 and well-definiteness of C is subject to the subsequent. 

Proposition 3.1 J 7 = Ct(E) is a subset of T> if and only if the measures u n , n G N, are 
weakly convergent to v as n — )■ 00; in symbols v n v. 

Let us assume that v n v and note that (cl') and (c2') are now the defining 

properties of C C V. 
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As in Section 2, let us assume that there are Markov processes X n and X associated 
with the semigroups (T njt ) t > , n G N, and (T t ) i > . 

Define the measures P Un := f E P™v n (dfi), n G N, and P v := J £ ,P At (/i) v{d\i)^ and intro- 
duce the processes X n = ((X£) t >o, P Vn ) and X = ((X t ) t > , P v ). Moreover, let E" be the 
expectation corresponding to P™, fi G E n , and let K Un be the expectation corresponding to 
P„ n , n G N. Let us introduce the set of test functions we are going to work with in this 
section. Suppose the following. 

(c7) There exists an algebra Cb(E) C Cb(E) of everywhere on E defined functions with 
Cb(E) C Q in the sense that, for every / G Cb{E), there is a g = g>(/) G C and a /3 > 
with / = (3Gpg u-a.e. Cb(E) contains the constant functions and separates points in 
E. 

Remark (1) Note that, for / G Cb(E), the existence of one g = g(f) G C and one (3 > 
such that / = fiGpg u-a.e. implies that, for all (3' > 0, there is a g' = </(/, /?') G C such that 
/ = P'Gpgf u-a.e. This follows from g' := g + (/?' - /3)/ = (gf + A/ — /?/) - (A/ - /?'/). 

For / G Cb(E), g = g(f) G C, and a given sequence e n > 0, n G N, introduce 

oo 

B := |J {/i G £ n : {PG^gfjj.) - > e n ||p||} . (3.1) 

71=1 

Furthermore, let r^c = T^ c (g) denote the first exit time of X n from the set B c n £" n , n G N. 
Let T > and set 

7n = 7n (/) := sup \PG n>fl g{X?) - f(X:)\ , n G N. 
se[o,T+i] 

In order to prove relative compactness of the families of processes /(X n ) = ((/(X t n )) t > , 
P Vn o f^ 1 ), n G N, we need one more technical condition. In particular, we specify the 
sequence e n > 0, n G N. 

(c8) There is a function £ : (0, oo) x Cb{E) x N — > (0, oo) with lim^oo £(a n , f, n) = if 
lim^ooan = such that, for / G (%(£), 5 ee g(f), and e n := £((/ - /3G n ^g , / - 

1 /2 

/3G n ^g) n , f , n), we have 

E„„ (e-^ TflC ) <5n, nGN, 
for some sequence 5 n > 0, n G N, with lim^oo 5 n = whenever lim n _ ) . 00 e n = 0. 

Theorem 3.2 (a) Let the following be satisfied: 
(i) Conditions (c3), (el), and (c8) hold. 



(ii) We have the hypotheses of Theorem 2. 14, namely 

( c3) for S n , n£N, and S in place of S n , neN, and S , 
(c6), 



the forms S n , n G N, converge to the form S in the sense of Definition\2.4 
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Then, for f G C b {E), the family of processes /(X") = ((f(X?)) t > ,P Vn o f- 1 ), n G N, is 
relatively compact. 

(b) The family of processes X n = ((X™) t > 0; P u „), n EN, is relatively compact. 

Proof, (a) We will apply Theorem 3.8.6 of S.N. Ethier, T. Kurtz [7]. For n G N and t > 0, 
let 7™ denote the a- algebra generated by the family (X") < s <t. In Steps 1 and 2 below, we 
will keep n G N fixed. In Step 3, we will then pass to the limit as n — > oo. 

Step 1 Let / G Cf,(E) and > 0. Because of (c7) and Remark (1), there exist <7i,<72 G C 
with / 2 = pGpgi i/-a.e. and / = /3Gpg 2 v-a.e. For < 5 < 1 and < t < T, < w < <5, 
and /3 > 0, we have 



E. 



= [(/W+J) 2 - (/W)) 2 | J7] - 2/W) E„ n [/(X t " + J - f(X?)\ J?] 
< | E„ n [/ 2 (Xf + J - /^^(X^Jl J*] | + | E„ B [/^^(X^J 

-PG^X?)] m + I E„ n [PG^X?) - f{X?)\ 7?] | 
+ 2||/|| | E„ n [/(*» J - /3G„,^ 2 (Xr + j| 77] | + 2||/|| | E Vn [(5G n , m ^ +u ) 

-PG n ,pg 2 (X?)\jy}\ + 2||/|| |E„ n [pG^giiX?) - /W)| 



< 2 E. 



sup l/JC^W) - /^(XI 
se[o,T+i] 



+ E, 



sup 

re[0,T] 



7T 



r+5 



\A n (f3G ni p 9l )(x:)\ ds 



7? 



+ 4II/H E, 



sup iPGnftoW) - f(Xl 

s6[0,T+l] 



-211/11 E*. 



7T 



r+<5 



2E I/ „[ 7n (/ 2 )|7r] + E I/n 



re[0,T] Jr 

+ 4||/||E I/ „[ 7n (/)|77] + 2||/||E I/ . 



sup / \A n (f3G n ^g 2 )(X^)\ ds 

re[Q,T] Jr 



t 



t 



sup (5 f \ 91 (X:) - pG n , m (X:)\ ds 

£[0,T1 Jr 

sup /3 / + |<? 2 (X s n ) -/3G„^ 2 (X;)| ds 

refO,Tl Jr 



-r-n 
J t 



< 2E„„ [ ln (f)\ JT] + 2^||»i|| + 4||/|| E„„ [ 7 n(/)| 7T] + 4/35II/H |M| . 
iS'tep I? With T£ C = r^ c ((yf 2 ) ,we have 

E„ n 7n(/) = E„ n (X{ 7 n<£„|| 9 2||}7n(/)) + E„ n (X{ 7 n> e „|| 92 ||}7n(/)) 



(3.2) 
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< e n \\g 2 \\ + (ll/H + [|p 2 ||) E„„ (X{ 7 n>e„|| 92 ||}) 

= e n \\g 2 \\ + (ll/ll + IMI)e« T+1) E, n (e^ T+1 h{, n >s M} ) 

< + (ll/H + E Vn (e-^X {ln >e M ) 



< e n \\g 2 \\+5 n (\\f\\ + \\g 2 \\)e^ T+1 \ (3.3) 

where the last line is justified by condition (c8). It follows now from / = fiGpg 2 f — a.e. 
and / - pGpgs G C (cf. (c3) and (c7)) that (/ - f3G p g 2 , / - f3G p g 2 ) n ^± 0. Together 
with G n ^g 2 — ^ Gpg 2 (cf. Theorem 12.141 (c)). this leads to 

(/ - f3G n ^g 2 , / - /3G n>l3 g 2 ) n ^± . 

Relation H3 .31) and condition (c8) imply now 

E. n 7n(/) ^ and similarly E, n7n (/ 2 ) ^ 0. (3.4) 

Step 3 Setting 

ln (8) := 2 7n (/ 2 ) + 4||/|| 7 „(/) + 2/35\\ gi \\ + 4)8*11/11 1|^ 2 || , n G N, 
and taking into consideration (|3.2p . we observe that 



(/(xr + j - /(xn) 2 1 < e*„ [ 7n (5)i j»\ , / G a(E), n g n, 



and from (13. 4ft . we obtain 



Urn lim £„„(*) = 0. 

<5->-0 rwO 



Relative compactness of the family /(X ra ), n G N, follows now from [7J, Theorems 3.7.2 
and 3.8.6, Remark 3.8.7, and the fact that the processes /(X n ), n G N, take values in the 
compact interval [inf /, sup /] . 

(b) Let us recall that E is compact. According to condition (c7), the Stone- Weierstrass 
Theorem, implies that Cb(E) is dense in Cb{E) with respect to the sup-norm. Now the 
claim is a consequence of part (a) and [7], Theorem 3.9.1. □ 



4 A Fleming- Viot Type Particle System 

We consider a system {X±, . . . ,X n } of n particles in a bounded d- dimensional domain D 
(d > 2) with smooth boundary dD. During periods none of the particles X%, . . . ,X n hit 
the boundary dD, the system behaves like n independent rf-dimensional Brownian motions. 
When one of the particles hits the boundary 3D, then it instantaneously jumps back to D 
and relocates according to a probability distribution rjdx on (D, 13(D)). The probability 
distribution rjdx depends on the location of the remaining n — 1 particles in a way that 
relocation is more likely close to one of those particles than elsewhere. Similar models have 
been investigated in [T] . [2] . [8] . [13] . 

We are interested in establishing relative compactness for a class of random initial con- 
figurations using the framework of Sections 2 and 3. 

Let F denote the space of all finite signed measures on D. Set E := M.q(D), recall the 
definition of E n , n G N, in Section 3. 
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4.1 A Non- Random Flow 



Let us use the notation (h, v) = fhdu, v G F, h G L l (D,v). Let hi,h 2 ,... denote 
eigenfunctions of the Dirichlet Laplacian on D corresponding to the eigenvalues > 2Ai > 
2A 2 > . . . , normalized in L 2 (D) such that hi > 0. Define the space 

( oo 

H = lhdxeF:J2 X l-( h n,h)l2 {D) <oo 



n=l 



( oo \ 1/2 

which becomes a Hilbert space with the norm ||/iofe||# = ( EnLi ' (h-n, ^)l 2 (d) ) , h £ H. 
Subsequently, we will also write h G H instead of hdx G H when there is no risk of ambiguity. 

Denote by p(t,x,y), t > 0, x,y G D, the transition density function of a Brownian 
motion on D killed when hitting dD. For u = u £ H with z/(-D) 7^ and t > 0, set 

u(t,y):= p(t,x,y)u(dx) , z(t) = z(u,t) := -^-r I u(t,y)dy. 

JxeD V \ U ) JyeD 

If z^(-D) = then we set 0) := 1. Otherwise, we have 0) = 1 in the sense of an 
integral over a (^-function. For t > such that 7^ define 

v(t,y) := -^-u(t,y) , y e D, 
z{t) 

and 

v t (dy):=v(t,y)dy = -$-rf p(t,x,y) v(dx) dy . (4.1) 

We observe that for t > such that 7^ and y £ D, v(t,y), satisfies 
d 1 z'(t) 

—v(t,x) = -Av(t,x)-—^-v(t,x), v(t,x)\ xedD = 0, v(t,x)dx =3- is, (4.2) 

where A is the Laplace operator on D. In particular we mention that, for t — 0, z'(0) is the 
right derivative. 

Remark (1) Let t > and v G if. Note that 

00 

i/ t (dj/) = t))- 1 J2 eXjt ( h v v)hj dy . 
3=1 

Among other things this shows that v — >■ f t maps E (1 H into E (1 H and, more general, 
u t £ H whenever v £ H and z(u,t) 7^ 0. Furthermore, 

Er=i^(/^)Mi/ 



(h ± , u)(h u 1) + £°° =2 eto-Wfa, v)(h 3 , 1) 
1/ G EnH . 



h dy 
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The evolution of the infinite particle system is hence asymptotically directed to the inner 
point hi(x) dx/ (hi, 1) of E in the weak topology. 

For u t defined in ( 14 .11) . one easily checks (vt)s = v s+t , s, t > 0, v G E D H. This gives 
rise to define a flow U^v := v t , t > 0, where v E Er\H . In particular, we will be interested 
in integration by parts relative to the flow Uf, t > 0, and the probability measures on 
(E, 13(E)). Crucial in this will be the generator A* of U + and its divergence 5(A^) with 
respect to measures u. The superscript / in A* indicates the generator of the flow associated 
with (14.21) . Below, in contrast, A will denote the generator of the semigroup associated with 
(14. 2 p on the state space E. 

Remarks (2) For all v G H, we may assume the existence of a density d = ^ with respect 
to the Lebesgue measure such that |Ac? = Yl \(hiid)L^<D)hi is well-defined in L 2 (D). We 
also will write Av for Addx. 

(3) Let \D\ denote the Lebesgue measure of D. For v — ddx G H it follows now that 

1 d 



z'(0) = z'(u,0) 



v(D) dt 

i r (i 



p(t, x, y) v(dx) dy 

t=0 Jy&D Jx&D 



p(t, x, y) d(x) dx dy 

t=0 JxGD 



V ( D ) JyeD dt 

i r i i \d\- 



J y J-(Ad)(y)dy<\^\\Ad\\ L2{D) <^ 



where the interchange of jg.\ t _ and J y&D in the second line applies because the derivative 

ft Lo LeD P(* > x > ' ) d ( x ) dx is a limit in L2 ( D ) and X/gd Tt I t=o x ' rfx ^ is the 

inner product of this limit with 1 G L 2 (D). Recalling how (14. 2 p has been established we 
now observe that the limit A^v = ^L_ ^t exists in L 2 (D). 

Let ^^(EjE), q G [l,oo], denote the set of all bounded and continuous functions / : 
F — > R for which 

(i) for all h G L 2 (D) the directional derivative 

:=\^-(f(v + thdx)-f(v)) 
oh t-+o t 

exists for u-a.e. v G E, 

(ii) a measurable map Df : — >■ L 2 (D) exists such that 

(Df(jy),h) = %(u) for^-a.e. v G E, 
oh 

(iii) and Df G L 9 (£, i/; L 2 (D)). 

Define C 6 9,1 (£) := : / G C 6 9,1 (F,£)}, g G [l,oo]. For / G C£(E) we call £>/ the 

gradient of /. Introduce also 

C 2 (E) := {/(i/) = „),..., (h r , i/)), i/ G £ : p G CjflfT), r G n} . (4.3) 



25 



Let Cq(R) denote the set of all / G C 2 (IR) which have compact support. Furthermore 
define K to be the set of all non-negative k G C(D) fl L 2 (D) such that limog^ k(u) = oo, 
v G dD. 

C 2 (E) := {/(j/) = ^((/n, !/),..., (A r , ,/)) • ^((fc, i/)), 1/ G £7 : 

y? G C 2 (W r ), r G N, y? e C 2 (R), A; G i^j . (4.4) 

Remarks (4) Let us note that any function f(v), v belonging to E has a formal repre- 
sentation f(v) = (p((hi, v), (/i2, v), ■ ■ ■ )■ For this, recall that the linear hull with respect 
to the sup-norm of h\, h 2 , ■ ■ ■ is C (D) := {/ G Cb(D) : / = on <9.D in the sense that 
limDBx-^d f '(x) = 0, d G <9L>}. This implies that every v G £7 is uniquely determined by 
(/ii,z/),(/i 2 ,z/),.... 

(5) Obviously, C 2 (E) C Cl'°°(E) and for / and as in (14. 3p . the gradient of / is given by 

i=l % 

(6) Keeping relation (14. 2p in mind, we obtain the following representations of the generator 
A* : H -> L 2 (D) of C/+. We have 



dt 



u t = l-Au - z'(0) u 

t=0 ^ 



zJ A * - rv" (jr. ,Ah.^ ( hi > u) ' hi dx (4 - 6) 



which by Remark (3) exists for every v G H in L 2 (D) 



2/ 



4.2 Integration by Parts on E 1 

Let be a probability measure on (E, 13(E)). In order to establish integration by parts 
relative to the flow U + , we will first prove an absolute continuity result relative to v under 
the flow U + . 

Suppose that 

(j) for H(t) := {u t : u G E H H} we have u(H(t)) = 1, < t < 1. 

It follows in particular that for i/-a.e. z/ and < s < 1 there is an element z/_ s £ E (1 H 
such that (v_ a ) s = f and the measure v o i>__ s is well-defined by 

^ o U-,(A) := u({v : u s G A}) , AG n #(s). 

Suppose also the following. 

(jj) There exists q > 1 such that 

(^(•,t)r 2 G L q (E,u), 0<t<l. 

and with 1/p + 1/g = 1 

^ G L p (E,u;L 2 (D)). 
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(jjj) F° r P an d Q given by (jj) and all vector fields B belonging to some dense subset of 
L P (E, is; L 2 (D)) containing A* , there exists a constant c p (B) > such that 



/ 



(Df,B) dis 



< c p (B) ■ \\f\\ Lq{E , v) , feCf(E) 



In this case for all q > 1 the gradient (D, C^^E)) is closable on L q (E, is) and has a closure 
which we denote by (D, D q ^(E)). Furthermore, there exists the divergence 6(B) G L P (E, is) 
of the vector field B relative to is and the gradient D, and we have 



(jv) 



J (Df, B)du = - f f 6(B) du, / G D q>1 {E). 



esssup-5(A / )(z/) < oo and 5(A f ) G L 2 (E,is) 

u£Er\H 



where the essential supremum is relative to the measure v. 
Stronger than (jv) is 
(jV) 

5(A f ) G L°°(E, is) . 

Proposition 4.1 Assume (j)-(jv). (a) All measures isov_ t , < t < 1, are equivalent, note 
that is o vq — is. The Radon-Nikodym derivatives have a version such that 



[0, l]9t-> r_t 



dis o p_ 
du 



isv-a.e. absolutely continuous on ([0,1], i3( [0, 1] ) ) • We have 

T- t {v) = exp ^~ J 6(A f )(u- a ) ds^ is-a.e., < t < 1. 



(4.7) 



(b) For f G L°°(E, is), we have 

f(u t ) v(dv) 



d 
dt 



t=o 



f(v)6(Af)(v)u{dv). 



Proof, (a) Step 1 In this step we verify that for / G C%(E) we have fo v t G C%' (E) and we 
determine the gradient of / o v t . Let v G E fl H and recall Remarks (l)-(3). For this step 
take also into consideration that hi) = {4j.^ti hi) since the derivative jgv t exists for all 
v G A' '' // in Ir(I)). 

We observe that by (l4TTj) and QH5j) 



d 

du 



u=0 



(is + u- A f v) t (dy) = ^- 

du 



f xeD p(t, x, y) (v(dx) + u ■ A f u(dx)) dy 



u=0 



z(u + u- A*u, t) 
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LepP^^y) Afy(dx)dy _ J y€D J x€D p(t, x, y) Ah(dx) dy 

z(u,t) z (v,t) 
J x&D p(t,x,y) (^Au(dx) - z'(is,0)v(dx)) dy 
z(v,t) 

JyeD LeD P(*» ^ V) il Au ( dx ) - A u > °) v{dx)) dy 



vt{dy) 



z(u,t) 



vt{dy) 



\Au{t,y)dy u(t,y)dy ( ' f yeD ±Au(t,y) dy / 



z(u, t) 



-z'(p,0)- 



z(u,t) 



z(v,t) 



-z'(p,0) -u t {dy) 



1 f u(t,y)dy \ SyeD f M (^) d V , , , 

= - Ai/ t (dy) - z\v u 0) • i/ t (dy) = A f u t (dy) 

where, in the last line, the " ' "denotes the derivative with respect to the second argument 
of z and we have used the fact that 



JyeD Wt<^ y) d y _ £ I s=0 JyeD u{t + s, y) dy 



z(y,t)-v(D) J y&D u(t,y)dy 

Let / G C$(E) and (p be related to / as in (I4.3p and define 

f F (u) :=ip((h 1 ,u),...,(h r ,u)) , veF. 



z'{v t ,0). 



We have 



d_ 

dl' 



d 



i=i 

n 



dx 



dt 



^2 -Q^r (i h i, v t ),..., (h r , u t )) ■ {A f u t , hi) 



i=l 



f F ((u + u-Afu) t ) . 



i=i 
d 

du 



{(u + u- A f v) t ,hi) 



u=0 



(4.8) 



u=0 
2/ 



Similarly, we get for h G L (D) and i G N, that 



du 



u=Q 



((v + u- hdx) t , hi) 

LeD IxeoPfo x > V) K x ) h i(y) dx d y J yeD LeD P(t, x, y) h{x) dx dy 



z(v,t) 
+ (u t , hi) ■ (h, 1) 

' f yeD p(t,;y) hj(y) dy 
z(y,t) 



z(u, t) 



( h ^ u ) ■ J y epP( t r,y)dy 



(y u hi 



h 
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z(u, t) 
=■ (r(y,t,i),h) 

where because of (jj) 

,t,i)\\ L i(E,u;L 2 (D)) 

< 311^11 • \d\ v l^r 1 ■ \\{'4-,t))- 2 \\ Lq(E ^ , % G {1, . . . ,n}, < t < 1, 

with g > 1 given in (jj). The last two relations imply with 



d 

du 



u=0 



f F ({v + u-hdx) t ) = ((hi,v t ),--',(hr,vt)) ■ (r(y,t,i),h) 



and 



i=l 



for all v G -E fl if the estimation 

\w o ^)ii X9(w2(D)) < s\d\ v i^r 1 • ||(^(-,t)r 2 | 



dxi 



< oo (4.9) 



for all < t < 1. In other words, f F ov t = f F o u t (-) G {F, E) and thus 

/o ^ = /o^(.)eCf (£), / e C ft 2 (i?), 

with g > 1 given in condition (jj). 

S'tep I? We derive an equation for the measure valued function [0, 1] 3 t — > u o z/_ t with 
initial value v. For this, we follow an idea outlined in the proof of Theorem 9.2.4 in [3J. We 
also demonstrate in this step that the measures v o v_ t and v are equivalent. 

Together with conditions (jj) and (jjj) relations ( 14. 8 j) and (14. 9 p give 



d 
dt 



/(i/ t ) i/(di/) 



d 
db 
d 

du 



f(y t ) v{dv) 

f((v + u-A f v) t ) u(du) 
(D(fout),A'v) v(dv) 
f(v t )6(Af)(v)v(dv), /eC?(J5); 



M=0 



where we in particular recall that the interchange of J and 4 in the first line is justified 
by the fact that the derivative (I4.8p . exists by (jj) and (14. 9p in ^(E, v). Recalling that we 
have v{\y t '■ v G E fl if}) = 1 by condition (j), from the last relation we obtain 



j t / f{v)v{dv_ t ) = - I f(u)S(A')(u^)u{du^) 



(4.10) 
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for all / G Cl{E) and with ip G C$°([0, 1]) 



t=o 



i=0 



(4.11) 



Let B e B(E) and set 



a(t,B) := < 



6{Af){v_ t )v{dv- t ) 



B 



v o U-t(B) 




if v{dv^ t ){B) > 



otherwise 



(4.12) 



We obtain from ( fCTTj) and f l4~T2j) 



ip'(t)voi>_ t (B)dt = / ip(t)a(t, B) ■ v o p_ t (B) dt 



t=o 



and therefore 



vou_ t (B) = exp|^ a(s, £) ds j • i/(.B) , te[0,l]. 



Condition (jv) together with (14.121) implies 



a(s,5) < esssup-5(A / )(z/) , s G [0, 1], B E B(E). 

ueEnH 



(4.13) 



(4.14) 



In other words, (14.131) says that the measure v o v_ t is absolutely continuous with respect 
to v. 

Step 3 We show the well-definiteness of -^u o v_ t as a finite signed measure on (E, B(E)). 

From (I4.13P it follows that 4i/ o v_ t (B) exists for B G B(E). To verify the a-additivity 
of -ni/ o let Bi, B2, ■ ■ ■ be a sequence of disjoint elements of B(E). The cr-additivity of 
v o i/_ t implies 

00 , 00 ^ 

E— 1/ o i/_ t (Bi) = lim - (u o v_ t _ h (Bi) 1/0 i/_ t (A)) 



i=l 



^ / 00 00 

lim - I ^ o v_ t _ h (Bi) - ^ v 

\i=l i=l 



o l/_ 



v.i=l 



where the interchange of limes and infinite sum in the second line is due to dominated 
convergence relative to the counting measure and the estimate 



- \v o v-. t -h{B%) -iso v- t {Bi 
h 



< 



1 



cxp 



t+h 



s=0 



a(s, B) ds > — exp < / a(s,B)ds 



s=0 



u(Bi 



< \\6(A f ) ■ exp {-6(A f )}\\ ■ v(Bi) , % G N, 



(4.15) 
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where || • || denotes the norm in L°°(E,v), which we have derived from (14.131) and (14.141) . 
We note again that || 5(A f ) -exp{-5(A f )}\\ is finite because of condition (jv). 

Step 4 In this step we construct the versions r_ t of the Radon-Nikodym derivatives of vov_ t 
with respect to v such that 



[0, 



dv o v_ t 



t 



dv 

is v-a.e. absolutely continuous on ([0, 1],£>([0, 1])). 

From (I4.13P we deduce also the absolute continuity of j^vov_ t with respect to v. Because 
of ( I4.15P for all t £ [0, 1], we may select 



a version p_ t of the Radon-Nikodym derivative 



d^v o v_ 



dt 



t 



dv 
with 

P-tiy) < ess sup \ 5(A-f)(is) ■ exp {-5(A f )(v)}\ veEDH. (4.16) 

ueEnH 



With this version we can define 



:= f Psds + 1, te [0,1]. (4.17) 
Jo 



We obtain 



and thus 



^- I r^ t dv = [ p_ t dv = ^-v o U- t {B) 
dt J B J b dt 

I r„ t dv = v o v_ t (B) , BeB(E). 
Jb 



This means that, for all < t < 1, the function r_ t is a version of the of the Radon-Nikodym 
derivative of v o v_ t with respect to v. 

Step 5 From (14.161) and (14.171) it follows that, for all t £ [0, 1], the signed measure -^v 



O V-t 



is finite and that the derivative jtT-t exists in L X {E, v). From the last conclusion and (I4.10p 

we get 

d d f 

fWj t r - t W V ( dv } = dt f( v ) r -tW)v(dv) 

= - J f(v)S(A f )(v„ t )r„ t (v) v{dv) , t £ [0,1]. (4.18) 

Recalling that ( 14.161) and ( 14.17!) show that t — > r_ t is v-a.e. absolutely continuous on 
([0, 1], B([0, 1])), relation ( 14.181) yields uniquely ( 14T71) . From the existence of f t r_ t in L l {E, v) 
it follows that (I4.18P holds even for all / £ L°°(E, v). Part (b) is now a direct consequence 
of (I4.18P and condition (j). □ 

Let us introduce one more condition on v. 
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(v) 



-) 2 (l + (*'(■, 0)) 2 ) eL\E,u), i G N, 



and 



(k,^A-) 2 E L\E,iy) and (k, ■) 2 ((z'(-, 0)) 2 j G L l (E, v) , k G K, 

cf. definition of Cq(E). 

Lemma 4.2 Assume (j)-(v). (a) Then the flow v t = U^v, t > 0, v G E R H , is associated 
with a strongly continuous semigroup [T t ) t > on L 2 (E,u) given by 

T t f{v) = f{y t ) , ueEHH, t > 0, / G L 2 (E, u). 

(b) Let A denote its generator. We have C%(E) U C$(E) C D(A). If f G C 2 (E) then with 
f and ip related as in |J3]), 



If f G Cq(E) then with f and if as well as ipo related as in Iji4.4\ ), 

r r, oo 

A f = E • •) ( A * - °)) + ^ • •) ^ - ^ °)) 



1=1 



3=1 



= E ' ') + Wo ■ {K |A ■ ) - z'(0) ■ ( J^o ■ (hi, ■) + (f(f' ■ (k, •) 

i=l 1 \j=l * 

(c) Both spaces, C 2 (E) as well as Cq(E), are dense in the complete space D(A) with respect 
to the graph norm ((/ , /) + {Af , Af}) 1 / 2 . 

Proof. Step 1 (a) We show that (T t )t>o forms a strongly continuous semigroup in L 2 (E, v). 
By Proposition 14.11 (a) and ess sup^^-^ — 8(A^)(v) < oo (recall (jv)), we verify that T t f = 
f{vt) £ L 2 (E,u) whenever / G L 2 (E,v), t > 0. Let e > 0. By the same we can choose 
g G C 2 (E) such that 



\\f-9\\ L *{E,u) < 9 ■ I SU P 
2 \te[o,i] 



di/ o v_ 



dv 



+ 1 



Since t — > Vt is by definition f-a.e. continuous and T t g(y) = g(vt) we may also choose 
t G (0,1] such that \\T t g — 5 , || L 2( £; v \ < s/2. Now, 



- f\\ LHE ,u) < ( I (/(**) - ^)) K^) ) + IIUp - <?|| L2(E)I/) + \\g - f\\ L , {E>v) 

dis o v_ t 



< ll/ — 9\\l 2 {e,u) ' 



du 



i + \\T t g - g\\ L 2 {E ,„) <£■ 
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The semigroup property of (I*)t>o is a consequence of its definition via the flow U + . In fact, 
we have T s T t f(u) = TJ(u t ) = f(u s+t ) = T s+t f(v), f £ L 2 (E, u), v £ E n H, t > 0. 

Step 2 (b) For the representation of Af, f £ C 2 (E), it is sufficient to show that 



d_ 

dt 



t=o 



= E • fa, v) {\ - 0)) , veEHH, 



i=i 



(4.19) 



and 



lim 

t->o 



dt dt 



t=0 



(4.20) 



L 2 (£;,i 



The representation of / £ C 2 (E) as given in (14. 3[) implies 



/fc) = E 



—V dif(v) d 



dx, (it 



(/ii, ft) 



(4.21) 



In order to verify (I4.19p . recall Remarks (l)-(3) and (I4.6p . We get 



d_ 

dt 



(hj,u t ) [Xj 
(hj,v t ) ( Xj 



z'(v,ty 

z(v, t) 



(4.22) 



which, together with (I4.2ip . gives (I4.19p . With (jv) and Proposition 14.11 (a) we verify 
^ L_ {hj, Vt) £ L 2 (E,v). Using, in addition the first part of (v), we deduce ^(hj,Vt) £ 
L 2 (E, u), j £ N, with bounded norm in t £ [0, 1]. Thus, relation fl4.20p is finally a conse- 
quence of f )4.2ip . f)4.22p . and the u-a..e. right-continuity in t at t = of the right-hand side 
of Q£22P. 

Step 3 For the representation of Af, f £ Cq(E), we proceed similar to Step 2. We use 



d 
dt 



(k, v t ) 



dv t 
" dt 



7=1 V 



J2(hj,k)(hj,u t ) IX 
(A;, | Ai/ t ) - (A;, i/ t ) • 



' *M) 

z'{u,t) 
z(u, t) 



and the second part of condition (v). 

S'tep ^ (c) Both sets, C 2 (E) as well as Cq(E), separate the points in E fl H. By this and 
condition (j) both sets, C 2 (E) as well as Cq(E), determine uniquely (T t ) te [ 0) i] given by 

T t fW) = f{u t ) , v £ E n H, t £ [0, 1], / £ L 2 (E, v). 



Since (A, D(A)) is by (a) a closed operator we have proved the claim. 



□ 
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Corollary 4.3 (a) Assume (j)-(v). We have A'l = -5(A f ). For all f,g G D(A) with 
fg G D(A) it holds that 



(-Af,g) + (-Ag,f) = (6(A').f,g) 



(4.23) 



// (jv% i. e. 8(Af) G L°°(E,v), then f£2fy holds for all f,geD(A). 

(b) Assume (j)-(jjj),(jv ! ), and (v). We have D(A) = D(A') and A'f = -Af + A'l - f, 

feD(A). 

Proof. Part (a) of the corollary is a standard consequence of Proposition 14.11 (b), Lemma 
I4.2[ and the second part of condition (jv) resp. (jv'). 

For Part (b), we recall condition (j) as well as relation (14. 7p and consider for f,g G 
L 2 (E,u), andtG [0,1] 

(g , Tlf) = (T t g , /) 

Taking into consideration (jv) this yields T/l = exp j — f* =Q 5{A^){y_ s ) <is j G L°°(E, v) and 

T[f{y) = r t l(v) ■ f{v- t ) for i/-a.e. v G E. 
Let A G L 2 (E,u). Then 



t t 

J - ■ T t l + Af ov_ t ) + 



+ Af-A'l-f 



T/l - 1 

t 



-A'l)-f) + (Af-Afov. 



We have 



lim 

40 



L 2 (E,u) 



by (jv'), A'l = -5(A f ), and T[l = exp {- f s=Q 5(A f )(v^ s ) ds}. Furthermore, 
Af-Afo v_ 



lim 

40 



= lim 

L 2 {E,u) 40 



2 \ V2 

Af-Afov A du 



lim 

40 



Af(v t )-Af{yj) fexpjy KA^){v_ s ) ds jj o v t v(dv) 



1/2 







by (jv'), Proposition 14. 1 1 (a) . and Lemma l4T2l (a). As a consequence of the three last relations, 

T[f - f 



lim 

40 



+ Af-Al.f 
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if and only if 

fov-t-f 



lim 

40 



t 



Tll+Afou_ t 



L 2 (E,u) 



= lim 

40 




/ v t 




t 


= lim 

40 




f°Vt 




t 


= lim 

40 


ff- 


f°Vt 


V * 



■ r t io u t + Af 

■ r t iov t + Af 

+ Af) 

/ L 2 {E,u) 



) • ^ V \^j\{Af){v_ s )ds^ov t 



L 2 (E,v) 



L 2 (E,u) 



lim 

40 



Ttf-f 
t 



Af 



= 



L 2 (E,u) 



where, for the transition from the second last to the last line, we have used that T/l = 
exp{-jl 5(Af)(^ s )ds} 1 in L°°(E, v). □ 

4.3 Asymptotic Properties of the Particle System 

For i G {1, . . . , n} and z±, . . . , Zi-±, z i+ ±, . . . , z n G -D let 

Z W := {^1' • • • ) ^i+l) ■••) z n} 

and 

z(i) : = {(z 1 ,...,z i _ 1 ,y i ,z i+1 ,...,z n ) : ^ G dD} . 

Set d^>D n := \J zeDn (J^ and note that d^D n = dD x £> x . . . x DU. . .UD x . . . x D x dD. 

Let I? = ((-B t ) t > , (-Rr)a;eR n ' d ) be an n • d- dimensional standard Brownian motion. Let r 
denote the first exit time of B from D n and let B Dn = ((5 t D ") t >o, (-Pr)xgD™) be obtained by 
stopping B at time r. Let us consider a process X = X n = ((X t )t>o, (Qx)xeD™) which is 
constructed as follows: X is a random point on (D n , B{D n )) with distribution v n . Inside the 
state space D n , the process X follows the regime of an N ■ rf-dimensional Brownian motion. 
Then, whenever the process X hits the boundary d^D n , say at some point y G z(i) for some 
i G {1, . . . , n) and z\, . . . , Zj+i, . . . , z n G D, it instantaneously jumps to z — (z±, . . . , z n ) 
where 

(k) is a random point on (D, B{D)) with distribution ^ n ,z{j}(^) 

(kl) For 77 = 77n, 2 {i} G Cl(D) we assume that there exists ci > 1 neither depending on 
n G N nor on z{i} such that 



v where 



Ci /ll < ?7n, 2 {i} < Ci/li . 

(k2) For i/-a.e. z/, we assume r\ n ^ dx z/ whenever \ YTj=\ $zj 

every Zj may depend on n. 

We note that (kl) yields the following. 

(k3) For all n G N and all z{i}, rj ntZ ^ = on dD in the sense that \im D5x ^ d r] ntZ ^(x) 
0, d G 9D. Furthermore, denoting by n the inner normal on dD, 



sup 

dedD 



a (d) < 00. 
OTl 
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(k4) For all nGN, inf z {i},xeK Vn,z{i} (%) > for every compact set K C D. 
(k5) 

SUp ||77„ )2! {i}|| < oo . 
n,z{i} 

We note that two independent d- dimensional Brownian particles can almost never hit dD at 
the same time. This implies that X Q/> n -almost never reaches dD n \ d^D n . This property 
allows to identify dD n with dD xDx...xDU...UDx...xDx dD. Well-defmiteness 
of the system can now be proved by using condition (kl) and the argument of [I], Lemma 
1. 

Recalling Sections 2 and 3 we note that u n is obtained from the measure v n by the 
ma P _ J2i=i ^z, — > {zi, ■ ■ ■ , z n ), zi, . . . , z n G D, taking into consideration invariance under 
permutations of (z%, . . . , z n ); for details see [13], (sub)sections 2.4-2.6 and 6. For the measure 
i> n we shall assume the following. 

(kk) u n admits a density vn n with respect to the Lebesgue measure on ~R n ' d and m n is 
symmetric with respect to the n rf-dimensional components of M. n ' d . 

rh n is supported by D" such that 

< fh n G C\D n ) , Vm n G C b {D n ; R n ' d ) . 

Furthermore, there exist positive constants C\,C-i which may depend on n G N but 
are independent of z G D n such that 

Ci hx{zx) . . . hx(z n ) < m n (z) < C 2 hi{z x ) . . . h(z n ) . 

We note that the latter implies fh n = on dD n in the sense of \im.£,n^ x ^ y rh n (x) = 0, 
y G dD n . 

(kkk) Suppose that — |Am n exists in the sense that 

J \&<pdi> n = ~ f V (-|Am n ) dx, <p G G C 2 b (D n ) : ^(y) = , y G SD"}, 

and belongs to L 2 (D n ). 
(kw) Furthermore, let us assume that 



Denote by a the Lebesgue surface measure on (dD n ,B(dD n )) and by s the Lebesgue 
surface measure on (dD,B(dD)). In the following, let us arrange the notation according 
to z = fa, ...,z n ) where z x ,...,z n G D, y := {z\, . . . , y h z i+1 , ...,z n ), y % G dD, i G 
{1, . . . , n}. The transition probability function Q of the process X = (X%, . . . , X n ) satisfies 

Q x (X t eA) = P x {B? n eA) 

Jz€D n Jv=0 - =1 Jy.&dD a { a y) 
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x E D n , t > 0, A E B(D n ). We mention that this representation involves an ordering among 
the n particles. In order to explain the relation to the empirical process X™ := - YH=i &{Xt)v 
t > 0, for which the ordering is irrelevant, we refer to a similar situation in [13], (sub)sections 
2.4-2.6 and 6. 

For / G C b (E) let f = f n he defined by 

1 n 

f(z lt ...,z n ):= f{y) where v — — 5 Zi G E n . 

i=l 

For (5 > and let ^ := f7 s (e _ ^"l.(S T )) and write ^ instead of /#°, x E D n . For 
Zi, . . . , z n E. D and 2 = (zi, . . . , z n ) introduce 



m n /{dz) := ^ [ < ^^{z ll ... 1 z i _i 1 y h z i+ i,... ) z n )s(dy i )-7](z i )dz 1 0>O. 
~l Jy^in da 



This defines measures m™'" on (D n , B(D n )), x G -D n . We will also write m™ instead of m™'°, 
a; G L> n . 



Remarks (7) For it G L°°(D n ) let us define the resolvent relative to the transition proba- 
bilities (Olj) . 

:= / e"^ / u(y) Q.(X ( E dy) dt , (3 > 0. 
</t=o i 



As a straight forward adaption of f)4.24p and [13J, Proposition 1, one obtains for f — G 
u E L°°(D n ), and y = (zi, . . . , Zt-x, y iy z i+1 , ...,z n ) E <9 (1) D n with zx, . . . , . . . , z n E 

D and yi E dD, i G {1, . . . , n}, 



/(</) = / f(z)rj(z i )dz i (4.25) 
where z\, . . . , Zi-i, Zi + x, . . . , z n have been fixed in the notation z — (z%, . . . , z n ). This yields 
/ fdm n /=f fd^/, f = G n pU,,uEL oo (D n ),P>0. (4.26) 

J D n JdD n 

(8) Define C b , n (D n ) := C b (D n U d^D n ) and let C r (D n ) denote the space of all u = v\ D n 
where v E C b , n (D n ) and v(y) = j z ^ D v(z)r](zi) dz { if y = (zx, . . . , Zi- X ,yi, z i+1 , . . . , z n ) E 
d^D n and Z\, . . . , Zi-i, z i+ i, . . . , z n E D, yi E dD, i E {1, . . . , n}. Introduce the space 
C r:C (D n ) := {u E C r {D n ) : u = U\ D n, U E C{D")} and endow it with the sup-norm. 

Let us keep fl4.24p - fl4.26p in mind and follow [13], Sections 3 and 4 word for word. Except 
for a slight modification of Step 1 of the proof of Lemma 3 all arguments can be taken over 
to the present situation. One arrives at the following version of Theorem 2 in [13] . 

Let > and D(A n ) := {G n p u : u E C r>c (D n )} and A n u := ±Aw, u E D(A n ). The oper- 
ator (A n , D(A n )) is the generator of a strongly continuous contraction semigroup {T^ t ) t > 
in C r>c {D n ). For u E C r>c (D n ), we have T^ t u(x) = J u(y)Q x (X t E dy), t > 0, x E D n . 
Furthermore, Q x (X t E dy) is the unique representing probability measure on (D n ,B(D n )) 
of T^ t u(x), u E D(A n ), t > 0, x E D n . As an immediate consequence we obtain f !4.25p and 

g26j) for/GC r ,c(£> n )- 
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(9) For the proof of Lemma 14.41 (a) below it is important to note that D(A n ) is dense in 
L 2 (D n , u n ). According to Remark (8), for this it is sufficient to demonstrate that C rfi (D n ) is 
dense in L 2 (D n , u n ) and by (kk) that C r ^ c (D n ) is dense in L 2 (D n , dz) where dz symbolizes in 
this remark the Lebesgue measure on (D n , B(D n )). If this was not true there would exist an 
G G L 2 (D n , u n ) with J Dn FGdz = for all F G C r , c (D n ). But G dz ■ xd- + • Xod- is a finite 
signed measure on (D n , B(D n )) which does not belong to the closed linear hull in the weak 

topology Of M r ,c := {Vn,z{i} dx ' Xz 1 X...Xz i . 1 xDxz i+1 X...Xz n - 8 Vi ' Xz 1 X...Xz i ^ 1 xDxz i+1 X...Xz n : * £ 

{1, . . . , n}, Z\i ■ ■ ■ , z n G D, yi G dD}, dx symbolizing in this remark the Lebesgue measure 
on (D, B{D)). On the other hand, C r , c (D n ) = {F G C{D™)_$ F dfx = for all fj, G M r , c }, 
here F G C rfi (D n ) identifying with its unique extension to D n . 

(10) Consider a Markov chain on D n with transition probability kernel m" = m n '°. It is 
an immediate consequence of condition (k) and [5], Theorem 2.1, that the Markov chain is 
geometrically ergodic in the sense of this reference and that there exists a unique invariant 
probability measure. To verify this, define for 5 > the sets D$ := {z G D : \d — z\ > 5 for 
all d G dD}, C 5 := D%, and 

Cg := {z = (zi, . . . , z n ) G -D" : there exist mutually distinct numbers 
ix, . . . ,ik G {1, . . . , n) such that Zi G D c 5 if i G {ii, . . . , ifc} and 
2i G D s if z ^ . . . , i k }} , fc G {1, . . . , n}. 

It follows now from (k4) that for all 5 < 5' for some 5' > 0, C := C$ is a small set in the 
sense of [6] since (4) in [6] is satisfied for the one-step transition probability kernel with v 
being the equi-distribution on (D n , B(D n )). Furthermore, by the definition of the transition 
probability kernel m n and property (k5) there is a 5 > such that (7) of [6] is satisfied for 
V = 1 on C = Cs and, for example, for V = Y^i=n-k^ m on ^1 i fc € {1, . . . ,"^}- To show 
the latter we note that the verification of (7) in [6] for x G Cg reduces to a combinatorial 
problem. One just has to check on which side of dD$ the n — k <i-dimensional particles which 
start in D$ are situated at the time of the next jump of X. 

(11) Let M n denote the invariant probability measure of the Markov chain on D n with 
transition probability kernel m n = m n '° considered in Remark (10). Define by 



N n (dx) := J K Dn (x,y) M n (dy) dx 



a measure on (D, B(D n )), where K D " denotes the Greenian kernel relative to |A on D n . 
Let us show that N ra is an invariant measure for the process X by verifying J A n u d~N n = 
for all u G D(A n ). We have for all u G D(A n ) 



A n udN n = I | Am g?N™ 



I (|A«) (x) [ K D "(x,y)M n (dy)dx 

JxGD" JyeD" 

(|Au) (x)K D "{x,y)dxM n {dy) 
J (h u - u) dM n , 



y£D n JxGD 
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h u denoting the harmonic function that satisfies h u = u on dD n . Now we are going to use 
the fact that M n is invariant with respect to m n = m n, °. Furthermore, we will use (14. 26ft . 
We verify in this way for all u G D(A n ) 

A n u dN n = I h u dM n - I u dM n 



h u dM n - / / u(z)m n x (dz)M n (dx) 

Jx£D n J z&D n 

h u dM n - [ [ u(y)^(dy)M n (dx) 



For r G N and f — (p ((hi, •),•••, (h r , ■)) G C%(E), let us introduce 

|A/(i/) ■■-jl\-^/(Ky) + ^j2^/^h i .Vh jl v), v e E n , 

i=l 1 i,j=l 1 3 

where V/tj • Vhj is the scalar product of V/ij and V/ij in K d . Also, let us recall that, for 
neN and v = - Ylk=i e we have the representation 

/ n n \ 

\^ - E fcc**). • • • > - E m**) = I a /m > ( 4 - 27 ) 

v /c=i n ^=1 / 

cf. [13] and [H]. Recall also Lemma I4T21 and for / G C^(E) and related as in (14. 3[) set 

^ := Ef^- A ^-) and °f ■= ~ z 'w ■ E |r • ^> •) • 

Similarly, if / G Cq(E) with / and as well as ipo are related as in (I4.4p set 

r dip °° 
Bf := ^T^o • \(hi, •) + Wo-^ ^(fy, k)(hj, •) 
i=i X * j=i 

r q 



dx 

i=l 



and 



C/ := -2/(0) • £ ■ (hi, ■) + <p<p' ■ Y^iK k)(hj, 

\»=1 4 j=l 

= -^(0) ■ fx] J^o ■ fo, ■) + Wo ■ (k, 

We have Af = Bf + Cf for all / G C£(E) U Cq(E). Let us furthermore set 

m n (dx) := -|Am n (i)iii. 
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Lemma 4.4 Suppose (j)-(v) and (k)-(kw). (a) The process X = X n = ((X t ) t > , (Q x )xeD n ) 
is associated with a strongly continuous semigroup on L 2 (D n ,i> n ). 

(b) Let f G Cb(E n ) such that the (unique) continuous extension of f to D n belongs to 
C 2 (D n ). Then, using the notation z = (zi, . . . , z n ), y = (zi, . . . , jji, z i+ ±, . . . , z n ) G dD n 
where y, L G dD, i G {1, . . . , n}, z±, . . . , z n G D , we have f G D(A n ) if and only if 

[ (f(z) - f(y)) r)( Zi ) d Zl = for <r-a.e. y G dD n . 

J Zl eD v 7 

In this case A n f — — | Af. 

(c) Let Let f G Cf,(E n ) such that the continuous extension of f to D n belongs to C 2 (D n ) 
and let g G L 2 (E, u n ) such that g G C 2 (D n ) and g ■ rh n = on dD n . We have 

limi j g{x) J (/(y) - /(*)) Q x (X t G dy) v n (dx) 

= (§A/~, + / /d / {m» x -&) HA(~gm n )) (x) dx . (4.28) 

(d) Forn G N, the set Dl(A n ) of all f G D(A n ) nCb(E n ) such that the continuous extension 
of f to D n belongs to C 2 (D n ) is dense in the complete space D(A n ) with respect to the graph 
norm((f,f) n + (A n f,A n f) n y/ 2 . 

Proof. For the Brownian motion ((B t )t>o, (-fx)xeR»-<0 

on R n - d we will consider its components 
((B ijt ) t > , (Pxi) Xi eR d ) on i G {1,... , n}. Let Tj denote the first exit time of B. yi from D, 
i G {l,...,n}. 

Step 1 We verify (a). By (kk) we obtain for / G L°°(D n , £> n ) with / > 0, 



/ f{x)P.{B? n Edx) =[ f(x) I P z {B? n edx)m n {z)dz 

<C 2 [ /» / i^B?" G dz)/^) . . . h 1 ( Zn ) dz 



= C 2 f(x)e nXlt h 1 (x 1 ) . . . h^Xn) dx 

Jx<=D n 

D nXit f ft c n\\t 



< / f(x)m n (x) dx = fdu n , t>0. (4.29) 

Next we use the fact that, for fixed y = (zi, . . . , Zi-i, y^ , Zj+i . . . , z n ) G dD n , 

P Xj (r, > t, B ht G d Zj ) £ (4 3Q) 



3 fc=i 
as well as, with n being the inner normal vector on dD, 

P x {ti G dt, Bn G diji) 1 *^ \ +, / s dhk , „ , , , „„ s 

s(dj/i) 2 4^ <9n vy ; v ; 

Let G ff, denote the eigenf unctions of the Dirichlet Laplacian on functions defined 

on D n and normed in L 2 (D n ) and let > 2A n ,i > 2A n ,2 • • ■ denote the corresponding 
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eigenvalues. Using again the convention y = (z%, ... , Zi-i, yi, Zj+i, . . . , z n ), zi, . . . z n G D, 
Hi G dD, i G {1, . . . , n}, we get 



c 2 / n - — - x 



i-i- / ) ■ ' ~~ dzj 
itu i=i J 



x I ft, (r, edt Bl , t e d m ) dx 

Jy t edD s{dyi) x dt 



„ oo n / „ 

C 2 / ^ -A^e^'tf*^) ^ ( / 
Jx£D n k=1 i=1 \JzieD 

n „ 

-CiX^e^J^ / H^dZi-rjizi) 



k (z) dzi ■ r)(zi) H^x) dx 



< -Ci^e^nWhiWmoydH^z) 

<_ !^i!M^ Vie ^.^ (g)> t>0i (432) 

where we have used (kk) for the first and the last " < " sign, (14.301) as well as (I4.3ip and 
Gauss' theorem for the second " = " sign, and (kl) for the second last " < " sign. 

Let 7 := -(nci||/i 1 || i i( jD )C 2 /C 1 )A ni i and choose / G L°°(E,u n ) with / > 0. From (I4.24p . 
f)4.32p . and Gronwall's inequality we obtain 

J f{x) Qi, n (X t G dx) < J f{x) P* n (Br G dx) + 7 jT | /(re) (X, G dx) dv 

< [ f(x)P 0n (Br G dx) + 7 / e*-*> / f(x)P 0n (B° n G dx) <fo . 

By using the Schwarz' inequality we find with ( I4.29P and monotone convergence that for 

feL 2 (E,u n ) 

/>) Q.(X t G dx)) du n < J f\x) Qc n {X t G dx) 
< [ f\x)P, n {Br G dx) + 7 f e^) / f\x)P, n {BT G dz) 




c 2 e» J >< y 2 a 



< —7^ — — / / 2 d^ n + 7-^ / e< {t - v) e nXlV I f 2 dv n dv . (4.33) 



v=0 



This says that the process X = X n = ((X t ) t > , (Q x ) x( zD n ) is associated with a semigroup on 
L 2 (D n ,u n ). Let (T n t ) t > , denote the corresponding semigroup on L 2 (E,u n ). It remains to 
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demonstrate that (T„ if ) t > is strongly continuous in L 2 (E, u n ). As an immediate consequence 
of (I4.33P there is a constant C3 > such that for all / G L 2 (E, u n ) and all t G [0, 1] 

(T n ,tf , T n jf) n < C 3 (f, f) n . 

But this together with Remarks (8) (9) of this section guarantees strong continuity. The 
proof is just an adaption of [H], proof of Proposition 4.5, Step 1 from (4.26) on. 

Step 2 We prove (b) and (c). Let / G C 2 (D n ). Furthermore, denote by (y)j the i- 
th d-dimensional component of y = (zi, ... , Zi-i, yi, z i+ i, . . . , z n ) G dD n , i G {1, . . . , n}, 
Zi, . . . , z n G D. Let us use the notation 



zi,...,Zi_i6-D, 2i+i,...,z n G-D 



By (147241) we have for x G D n 

lim- J (f{y) - /») Q x (X t G dy) 

= lim i (| (/ - (y) F,(Bf G dy) - (/ - 

+ lim±Uj f(y)P x (B? n edy)- J ]{y)P x {B t e dy)j 

+ ±fff /» / ^^ ^W^)^ 
= lim i (| (/ - ^) (y) P x «" G dy) - (/ - h f ) {x)\ 

+ ^igi// ie0 L,(^-^)>< 



o-(dy) 

and are interested in the existence of this limit in L 2 (D n , u n ). We note that the limit in the 
second line exists in C(D n ) and because of (kk) also in L 2 (D n , v n ). According to (14.301) and 
(14 . 3 1 j) the derivative 

1 P X (B T G dy, t < t) 
lim — — 

40 t cr(dy) 

= lim- /* TT P ^ ( r i - ^> € dz i) P ^ ( r » G jg» B ^ e 
40 i J v=0 y ^ s(dyj) 

jVi fc=l 1=1 

exists in the distributional sense. We also remind of (i™(dy)/a(dy) = \ J2m=i ~ ^nm-^m(^) 
• (dH m /dn n (y)) where n n denotes the inner normal vector on dD n . In fact, for (p G C(D n ) 
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with ip = on dD n such that — |A</5 exists in the sense of condition (kkk) and if) satisfying 
the conditions for /, we have 



E 

i=i 




.. lP x (B T edy,r <t) 
TT~\ x 



x<£>(x)?/>(z) da; s(dyi) 7}(zi) dz 

\tfff I I E^w^wx 

x <f(x)ip(z) dx s(dyi) T)(zi) dz 



i=l m=l 



/.'•:/)'•; Ill 



x / ijj(z) r](zi) dz 



(y)s(dyi) x 




L „ OYL n 



m=l 



X / ?7(-2j) tfe 

JzieD 



L 2 (D n ) 



|A0, / ^)m n (tte) 



(4.35) 



L 2 (D n ) 



Well-definiteness for 99 and especially ^ as specified above follows from the third line together 
with property (k5) and Gauss' formula. Similarly, one shows that 



E 




Zi&D J%/i€dD Jx£D 



1 P X {B T edy,r< t) 
hm — — x 

40 t v{dy) 



Xip(x)ip(y) dxs(dyi) r)(zi) dz 



§A0, / #(y)ii?{dy) 

Jy£dD n 



(4.36) 



L 2 (D") 



It follows now from fP4> (|4736| ) that the limit 

limj I (/(y) -/(*)) Q x (X t € dy) 



lim - 

40 t 



(y)P»(Bf"G^)-(/-/i 



-/ J2^8 D (y) [f(z)-f(y))x 

lyedD" i=1 J^eD 
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d + 

~dt 



t=o 



P X {B T edy,r<t) 

rj(zi)dzMdy) 



exists in L 2 (D n ,u n ) if and only if J x . eD (f(z) — f(y)) v( z i) dzi = for cr-a.e. y E dD n . 
Furthermore, ( 14. 34ft - ( 13. 36ft imply also part (c). 

Step 3 For part (d), we remind of the statement in (a) which implies that the empiri- 
cal process ~Yli=i^x t is associated with a strongly continuous semigroup on L 2 (E,u n ). 
Consequently, (A n , D(A n )) is a closed operator in L 2 (E, u n ). According to Remark (8) 
the transition probabilities of - Y^=i $Xi are already uniquely determined by T^ t u, t > 0, 
u E D 2 (A n ). This implies the claim. □ 

Proposition 4.5 Suppose (j)-(v) and (k)-(kw). 
(a) For f G C\,(E) we have 

-f [ f(y)^(dy)m n (dx) ^ - f f z'(- ,0) du . 



For f G Cf)(E) such that, for all n EN, it holds that f = f\ En E C(D n ) as well as f = on 
dD n and, in particular, for f E Cq(E) we have 

j fz'{-,0)dv = 0. (4.37) 

(b) For f E C 2 (E) U C 2 (E) we have 

ffdf «- a£) m n (dx) ^ (Cf , 1) , 

J JxGD" 

(c) For f E &l(E) U Cq(E) we have 

J Id (^J £ m n (dx) - m n J ^ (Bf , 1) . 

Proof. Step 1 We verify (a). For y E dD n we keep using the notation y = (z%, . . . , Zi_i, y iy 
z i+ i, . . . , z n ) where y^ E dD, Z\, . . . ,z n E D, i E {1, . . . , n}. In addition, for x E D n 
we use the representation ) with E D. As in Lemma I4.4[ for 

the Brownian motion ((B t ) t > , (P x )x£BL n -< i ) on ^- nd we wm a l so consider its components 
((-Bi,t)t>0) (-PcJ^gRd) on z G {1, . . . , n}. Let r, denote the first exit time of B. ti from D, 
i E {1, . . . , n}. Let us use the notation 



2i,...,z;_iG-D, yiGdD, z i+1 ,...,z n eD 

It holds that 

lim / - / f(y) n x (dy) m n (dx) 

n ^°°JxPD" n Jv£dD n 



p \ n r r r°° 



>xeD" " i=1 Ji, Vi J Jt=o j¥4 
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xPxi iji G dt, B itt G dyi) rh n (dx) 



xeD n II . = 1 J^y 



X 



(4.38) 

for any e > and all / G Cb(E). We recall that, by definition, E is compact. Thus, / is 
uniformly continuous on E. Thus 



lim sup 

n - >0 ° zi,...,z n €D,redD 

The last two relations imply 

lim / — 

ra_>0 ° J X £D n n jyedD 



o. 



f(y) Vx( d y) m n (dx) 



X 



X 



/ {n g df, s M G m n (dx) 

e-Wn-Hx>J xeDn J zeD „ \ / 

„ e n 1 " 

X / IT P ^ ^ > *' S J>* E ^ ~ J2 P *i ( Ti E dt "> ™-n{dx) . 
Jt =°j=l U i=l 

(4.39) 

Now we recall Remarks (2) and (3) of this section as well as v(H) = 1 (cf. condition 
(j)), v n (dz) = f K Dn (x, z) m n (dx) dz (cf. condition (kkk)), and v n v (cf. condition 

(kw)). Let v G H and ^X^Li^ ^- For the next calculations we give particular 

attention to 

lim/" g(v) Pv ^ Tl ~ ^ dv = - [ ^-(Ag)(v) dv , gdveH, 



(4.40) 



cf. Remark (3), which yields 



1 n \ 
lim - V P Zi ( Ti G eft) 

n— >oo n * — ' / 

i=l / 



P„(ri G d*)| t=0 = -^(i/, 0) df . 



t=o 



Furthermore, 



K° n (x, z) m n (dx) dz - [ TT P x . (tj > t, B j>t G dzj) m n (dx) J = 

Jt =°j=i J 



(4.41) 
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for any e > 0, both items seen as mappings from measures over empirical probability 
measures to measures over D n x D n . From fl4.39l) - fl4.41l) and stochastic continuity of all 

((B i:t )t>o, (Px l ) Xl m d ) we obtain 



lim I - f(y) fi™(dy) m n (dx) 

n ^°° Jx€D n n Jy£dD n 

= lim lim / / /(^£" ,5 Z ) x 



x£D n JzeD" 

>< / FT P Xj (tj > t, B ht G dzj) - V P Zi (n G dt) m n (dx) 
J t=o j=1 n i=1 

= - f fz'(-,0) du. 

For the proof of (b) and (c) assume / G C%(E) with / = <p((hi, •), (h 2 , ■),■■■ , (h r , •)). 
The case / G Cq(E) can be handled in a similar fashion. 

Step 2 Let us prepare the proof of (b) and (c). Let i G {1, ...,n} and y = y n <E d^D n 
such that y = . . . , j/j, . . . , z n ) with ^i, . . . , z n G -D, yi G <9-D. In addition for 
V = 1 T,U 5 *i> let ^* = := £ + * e {1, . . . ,n}. Moreover, set 

rUv) ■= f (£-<p (K + UM*i) ~ HVi)l • • • , 

(/i fc _i,^' w ) + J(/i fc -i(zi) - hk-xiyi)), (h k ,^ y ') + ^(hk(zi) - hk( yi )), 
(h k+1 , (> n //*)) - ^(. . . , (h k , n**), . . .)) dt , 

k G {1, . . . , r}. We have 

Jzi&D V 7 



y> (. . . , (/i fc , + l{h k ( Zi ) - h k { yi )), . . .) 

en N 

-<£>(. //*),...)) r){zi)dzi 



+ r i,k(y) ( h k{zi) - h k (yi)) r](zi) dzi . 



fc=l J ^ eD 

Since max Jg { lj ..., n }\{i} | r j"fc(?/)| f° r an y sequence y = y n E d^D n with {jji 1,yi ) n ==>■ // 

and every G {l,...,r}, we obtain in this case 



n 



I (f{z) - ]{y)) n(Zi) dz t ^ i^JT- fa /*) (4-42) 



46 



uniformly bounded with respect to i/-a.e. /i, recall also condition (k2). The following is a 
preparation for the proof of Lemma 14. 121 b elow . Let a be a real measurable bounded function 
on E which is continuous on each E n such that for all ^ Y^h=i ^ =^ A 4 an d \ Y^i=i =^ H 
we have \a (± Yh=i $*) - a Y*=\ fy) I °- Assume furthermore J£ " = 

i/-a.e. Then replacing in the calculations of the present step rj(zi) by r/(zj) • a(z) it turns out 



that 



uniformly bounded with respect to t/-a.e. fi if as above (/i 1 *)" ==>• /i as n — > oo. 
Step 3 We prove (b). Relations (I4.42p and part (a) imply 

fd {m n x - ft) ih n {dx) 

Jx£D n 

n 



/ / y2x(y)iedv(y) (f(z)-f(y))v(z i )dz i ^(dy)m. n (dx) 

J x£D n Jy£dD n j=1 J z^D V ' 



71 — >00 

i=l 



= (Cf, 1) . 

Step 4 We prove (c). Recalling (I4.38P we find 
lim I / / fd^m n {dx)- I fdm n \ 

n.-s>oo \J xeD n JytdD" J D n J 



X 



/ IT Px j ( T i > f > B M e dz r> Px i ( Ti e dt > Bi * e dy ^ m n( dx ) - / fdm r , 
Jt=o JD" 



We keep using the notation of Step 2 of the proof of Lemma 14.41 and continue 



?1— >QO 



lim ( / / f d/j%m n (dx) - / f dm n 

'leD™ Jy£dD n J D n 

n 



n ^°° JxeD n Jt=0 i=1 JyiCdD Ji J V V ' 

x JJ-P^j fa > t, B jtt E dzj) P Xi (B itt E dy h n E dt) m n (dx) 

for any e > 0. Proceeding as in Step 1 of this proof but replacing Z{ by Xi in the definition 
of r^ k {y) we obtain 



lim ( / / / dn x m n (dx) - / / dm n ) 
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i=l 1/1 J k=l K 



X / (h k (xi) - /ifc(yi)) x 



x / Ff-Pr, (r,- > t, B jjt G d^) P Xi (r, G dt, £j >t G m n (dx) 

I r uv) - x 

x / ]T P Xj (tj > t, B jtt G dzj) P Xi (rj G (it, G dyi) m n (dx) . 
Jt=0 fri 

We note that all hk{yi) = and recall that max je {i v .. jn }\{j} \r^ k {y) | for any sequence 

y = y n G d^D n with /i and every G {1, . . . , r}. We get 

lim I / / / d^m n (dx) - / /dm n 



lim -E / // E^^(...,(^^),---)x 

x / / JJ-Psj Oj > *, #i,t ^ dzj) h k (xi)P Xi (n G dt, B ijt G djfc) m„(dz) . 

Jx&D" Jt=0 „• ,„■ 



By using (TOO]), @3D, P Xi (r, > t, B i>t G •) =^ <f X4 , - // =£ 0, and m n (dx) 
— |Am n (x)dx we conclude that 



lim I / / fd/i x rh n (dx) - / /dm n J 
= lim / V — ^(..., //),...) ) 



xiy^lim / hk(xij ^ Xi —dxiX 

n 40 J eD 



P poo n 

x / / Y^Pxj (tj > t, B jjt G dzj) dtm n (dx) . 

Jx&D n Jt=0 

With f (#) = 1, cf. condition (j), we arrive at 

lim ( / / fd^mjdx)- / /rfiii„ 

q- <P(- ■ ■ , {hk, y), ■ ■ ■) ■ (-|A/i fc , y) v(dfi) = (Bf, 1) . 



fc=l 

□ 
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4.4 A class of measures satisfying (j),(jj),(v) and (k)-(kw) 

Next we are going to introduce the class of initial configurations we are particularly interested 



in. 



(I) There exists c > 1 such that v is concentrated on the class H consisting of all proba- 
bility measures d(x) dx £ E with d £ C°°(D) satisfying 

— < d < chi and (-Ai) • — < f-|A) d < (-XA ■ ch x 
c c 

such that d' := e~ Xt (d, h) ■ h { £ L l (D) and (d' /\\d'\\ L i) dxeEDH. 

(II) With the notation z — (zi, . . . , z n ) and zi, . . . , z n £ D, for all n £ N, 

„ n 

v n [dz) := / Y\_ d(zi) v(dv) dz x . . . dz n . 

J {v=d(x) dx€H} -j 

Proposition 4.6 Suppose (I) and (11). Then we have (j),(jj),(v) and (kk)-(kw) of Subsec- 
tions 4-2 and 4-3. 

Proof. Step 1 It is obvious that (1) implies (jj) and (v). We show that (1) yields (j). For 
this, let v = d(x) dx £ H and t £ [0,1]. Our goal is to demonstrate that there is fi = 
m(x) dx £ E fl H such that ji = z/_ t , i. e., \i t = v. Since d! := Y^iLi e~ Xi (d, hi) ■ hi £ ^(D) 
and (d'(x) /\\d'\\ L i) dx £ E fl H, the solution to = ^ with initial condition w(0, •) = 
gives u(l — i, •) = Y^iLi e ^ Xit i.d,hi) ■ hi and m(x) dx := (<f(a;)/||(f || L i) dx)i- t = 
((u(l-t,x)/\\u(l-t,-)\\ LHD) ) dxeEDH. 

It follows that (m(x) dx) t £ -E fl H . Moreover, (m(x) dx) t — v is obvious by Remark (1) 
of this section. In other words, m(x) dx is the wanted measure \x. 

Step 2 Conditions (kk) and (kkk) follow directly from (1) and (11). We continue with the 
verification of (kw). With / £ C^(E) with f(u) = ip((hi, v\ . . . , (h r , z/)), v £ E, as in given 

(3D and f(z) = f ]T™ =1 <^ J 0112; = (z 1} . . . , z n ) on L> n , we have by (1) and (11) 



/ /di/ n = / /(z) / Y\d(zi)v(dv)dzi...dz n 

JE JD n J{iy=d(x)dx€H} i=1 

„ n 

JO" 7= 1 



{v=d(x) dx£H} 

Now, suppose we are give a sequence Zi, Z 2 , . . . of independent D- valued random variables, 
all with probability distribution d(x) dx £ H . Then the weak law of large numbers shows 
that 

„ n 

/ f^ZU^)Ud(z 3 )dz 
JDn j=l 

n 

(hi, I £"„ *„) , • • • , (h r , ± EJ„ s z ,)) TJ e 



J D n 



3=1 



49 



= ^(±e; =1 m^---^e; =1 m^)) 

= V 5 (Oi, d), • • • , Or, d)) = / (d(x) dx) 
boundedly in d(x) dx G H. The last two relations combined with condition (1) give finally 
/ fdv n ^ / f(v)dv = / fdu. 

JE J {u=d(x) dxeH} JE 

We have verified (kw). □ 

For Zi, . . . , z n , v G M. d and i G {1, . . . , n}, let z^\v) denote the vector (z±, . . . , i>, 
^i+i, . . . , z n ). For a real function / on M, n ' d , let Aj/ denote the d- dimensional Laplace 
operator with respect to i-th d- dimensional argument applied to /. For example, for / 
with argument z^(v), Aj/ is the Laplace operator with respect to v applied to /. For 
i G {1, . . . , n}, let us define v n ^ : = ^ Ej^ ^ an d choose 

(111) 

/ / (-\Ad){x)/d{x)u n>i {dx)-f[d{z j )u(du) 

J{u=d(x) dx€H} J D =1 
Vn,z{i}(Zi) ■= 



/ (-±A,m n ) ( z M(v)) dv 
JveD 

/ / (-5 Ad) (x)/ d(x) is n ,i( dx ) ■ d ( z i) ■ IT d ^ u ^ 

J {u=d(x) dxeH} J D 



[ [ (-§Ad) (x) dx • TT d(zj) v{dv) 

J {u=d(x) dxeH} J D 



Proposition 4.7 (a) Suppose (I) -(III). Then we have (kl) and (k2). 

(b) Let $ : H — >■ K. fre bounded on H and continuous in u = d (x) dx E H in the sense of 
limii^^ii^^o |$0) - $0o)| = ^/iere i/ = d(x) dx G Then 



J {u=d{x) dxeH} ■ , 



/ 



*("o) as 

Vq. 



| J d(zj) v(dv) 

d(x)dxeH} - =1 



Proof. The above definition yields directly (kl). We verify (k2). For v = d(x) dx G if, 
i G {1, . . . , n}, and Zi <E D set 

£(dz/) = v Zi (dv) := [ (-±Ad) (x) dx • — ^— i/(di/) 

AeD d{Zi) 
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and choose u = d (x) dx G H. We note that (1) implies 0(H) < oo. Let $ : i7 — > R be as 
in the formulation of part (b) of this proposition. Define 

9*(iY,U S *) := I mf[d(z j )0(du). 

v 7 J {u=d(x) dx&H} jj[ 

According to the weak law of large numbers, for all / G C%(E) 

= / / / (i e;=i O n ^ • ^) 

J {u=d(x) dx&H} J D™ v 7 j=1 



J 

J{v-- 



f(v)$>(v)0(dv) 

■d(x) dx€H} 



In particular, we have demonstrated that 



» n 

/ ^(u)Hd( Zj )0(du) / B x 

./{i/=d(x)<tee.ff} j=1 ^ 2^=1 ^ J 



/ f[ d(^) £(dl/) 51 (n D"=l S *>) 

J{u=d(x) dxeH} - =1 

as n Sj=i ^o- Repeating the previous calculations with v instead of 0, we get 

part (b) of the present lemma. Let us continue to examine the "t>-case". The last limit 
shows that the measure YYj=i d(zj) 0(dv)j J YYj=i d(zj) 0(dv) converges weakly to the one 
point probability measure concentrated on vq as ^ YTj=i ^ v o- This implies also 

/ v IdHM (x)/d(x)v ntl (dx) " 

./{.«=*(*) dsgff} J D (-2 Arf ) W ^ 7=1 

n " — ► H"o) 



{^=(2(» dzGi?} - =1 

as £ EJ=i ^o- Choosing now <p G C(D), 



$(z/) := / <f(x)d(x)dx, v = d(x) dx E H , 

Jx<=D 



'x<=D 

and recalling the definition of we obtain 



D 



<f Vn,z{i} dx 

/ / (-§Ad) (x)/ d(x) is n:i (dx) ■ / ip(zi)d(z,i) dzi ■ d(^) i/(di/) 

J {v=d(x) dx&H} J D Jz t eD y f 



/ / (-5 Ad) (x) dx • TT d(^) 

J{u=d{x) dxeH} Jd 



ip do dx 
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as n Sj=i e^bS u o with Vo(dx) = d (x) dx. We have verified (k2). □ 

Remarks (12) on condition (jjj). One goal of the paper is to demonstrate Mosco type 
convergence for the Fleming- Viot type system. In order to establish the integration by 
parts formula in Corollary 14.31 which we will use for this, it is quite natural to require the 
differentiability in the form of (jjj) of the related reference measure v. 

(13) on conditions (jv) and (jv'). We recall also T t f{y) = f(u t ) and that therefore T t : 
L 2 (E, v) — > L 2 (E, u) is equivalent with duov_ t /dv G L°°(E, v). Proposition HJ] (a) together 
with (j) motivate therefore the first part of condition (jv). Condition (jv') is motivated by 
Corollary 14.31 together with condition (c6(ii)) of Section 2. So far, we have used (jv') just in 
Corollary 14.31 However it also will become important below, from Proposition 14.101 (c) on. 

(14) on condition (1). Looking at the spectral representation of the solution to the equation 
|Aw = || with initial condition w(0, •) = c?'/||c?'||ii it turns out that (1) is an implicit 
condition on the decay of (d, hi), i G N. 



4.5 Integration by Parts on E n 

Lemma 4.8 Assume (I) -(III) and let c be the constant specified in condition (I). Then we 
have for all n G N and z = (z\, . . . , z n ) with Z\, . . . , z n G D 



1 (-|Am n ) 



n m n (z) 



Vn,z{i}( Z i) / (— (z {l) (v)) dv 



m n (z) 



< 



-A lC 2 



n 



Proof. Let i G {1, . . . ,n}. According to (11), we have 

i n r 

-E / H Ad ) ^)-\[d{ Zjl )dv 



1 (-f Am n ) (z) 



n m n (z 



m n (z) 



j (j ((-|Ad) /d) dv n>i ■ d{ Zi ) + - (-|Ad) ( Zi )\ -\{d{z 3 ) dv 
J \Jd " J j¥4 



m n (z) 



Vn,z{i} \Zi ) 



v&D 



(-iA,m n ) dv / ((-! Ad ) ( z i)/ d ( z i)) -Hd(zj)du 

1 4=1 



m n {z) 



n 



m n {z) 



(4.43) 



where we have used (111) for the last equality sign. Recalling (1) and (11), the lemma follows 
now from 



/(HAd) (zi)/d( Zt )).n; =1 d^)dv 



m n (z) 



< 



(-|Ad) 



d 



< -A lC 2 



□ 



We continue with an auxiliary lemma. For this we recall the definitions of C 2 (E) in ( 14. 3ft 
and Cq(E) in (OJ). 
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Lemma 4.9 (a) The set C 2 {E) is dense in Cj,(E). Both sets, C 2 (E) and Cq{E), are dense 
in L 2 (E,v n ), n G N, as well as L 2 (E,v). 

(b) Let h n G C such that (h n , h n ) n is bounded in n e N. Furthermore, let h G L 2 (E, u) and 
assume (f , h n ) n ^ (f , h) for all f G C 2 (E) or for all f G C$(E). Then h n h. 

(c) For every f G C(E' n ) there exists (p G C with (p — f on E n . 

(d) Suppose (I) and (11). For every f G L 2 (E, u) there exists <p G C with <p = f v-a.e. on E . 

Proof. Density of C 2 [E) in Cb{E) is a consequence of the Stone- Weierstrass theorem and 
Remark (4) of this section. Anything else in part (a) is now obvious. To verify (b), let e > 
and if G C, and choose / G C 2 (E) or / G Cq(E) with (ip — f , tp — f) < e. We have 

{V-f,<P-f)n ={ ( P> ( P)n+{f, f)n ~ 2 ( ( P , f)n 

^± (<P,<p) + (f,f)-2(<P,f) 
= (<p-f,'P-f)<e 

since (<p , tp) n ^ (<p , tp) by tp G C C X>, (/ , /)„ ^ (/ , /) by u n ^ u accord- 
ing to (kw), and ((p , f) n ^± (<p , /) by (c2). Recall also the introduction to Section 3, 
especially T = Cb{E) and Proposition 13.11 Claim (b) follows now from 

| (<P , K)n ~ (f , K)n\ <((f-f,<p- f)H 2 ■ (hn , KfJ 2 , 

\(tp, h) - (/, h)\ < (ip-f, f-f) 1 ' 2 - (h, h) 1 / 2 , and the hypotheses of (b). 

For part (c) we mention that E' n is a closed set of the metric space E. By the Tietze 
extension theorem there is a continuous extension F of / to E, i. e., F G Ct{E) = J 7 , recall 
for this again the introduction to Section 3. The rest is trivial since ip := f on E n and ip = g 
on E \ E n for any g G Ct{E) yield an element of C which proves claim (c). 

Let us focus on (d). We set <p = ipj := / on E\\J^ =l E n . Furthermore, we define <p = tpj 
on E n , n G N, by 



V (i U=iQ ■= — ^ (4-44) 

I J d(zj) v{dv) 



{v=d{x) dx£H} . =1 

where 2 = (zi, . . . , z n ) and z\, . . . , z n G D. It follows from (1) and (11) that tp is bounded and 
continuous on E n , n G N. In order to show ip G C we have to verify (c2') of Section 3 and 
(p G P. Using now the particular structure of i/„ and f this means we have to show 



P n 

^ / (4.45) 



and 



(<p,<p) n = / ^ 2 (J EIL Ai) II ^ • • • dZn dv 

J lu=d(x)dx£H} J zeD n - =1 

<^ 2 di/ . (4.46) 
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We recall Proposition 14.71 (b) and assume for a moment that / is bounded and lower 
semicontinuous. Since / is in this case the supremum of some sequence of bounded and 
continuous functions on E we obtain 

liminf ^ ££=A) > as \ E"=i<^ v 

for all v G H. Similarly, if / was upper semicontinuous we would get 

limsup^QJXA) < (p{y) as ± Ej=i<^ ^ 

We recall definition ()4.44p and keep the last two relations in mind. If / is just bounded and 
measurable, the Vitali-Caratheodory theorem yields lim<^ EiLi^J = V 9 ^) as \ Ej=i ^ 
==jg f for i^-almost all v E H. For bounded measurable / we get (14.45)) and (14.46)) 
immediately. For unbounded / we use f r := ((— r) V/)Ar, r 6 N, first and verify (14.45)) 
and ( 14.46)) for f r . Then we observe that for all n G N 

((f-(pr, (f-(pr)n< / / / (/(V) ~ fr{v')) 2 X 

J {u=d(x) dxeH} J z£D n J{u'=d'(x)dx&H} 

x 7 -ff^T^ u{dv')[[d{ Z] )dzu{dv) 

= f UW) - frW)f I f[d'( Zj )dzv(dv>) = \\f- / p ||*, ( , . 

J {v'=d'(x)dxeH} Jz£D n , =1 

This and (IQ5D and (j4~4"6l) for / r give now (j4~4"5)) and (IQBD for / by letting r -)> oo. □ 

For z u ...,z n G D, z := Oi,...,z n ), y := Oi, . . . , ^, z m , . . . , z n ), y< G 3D, i G 
{1, . . . , n}, and g G C%(E) define 

CffW : = / E / (?) s ( d Vi) ■ V(zi) ■ {-\H~grhn)) (x) dx 

JxeD" i=1 Jy l £dD aa 

^^(-iA(ym n )) (x)dx. 



Proposition 4.10 Suppose (I) -(III). 

(a) (Partial integration) All g G Cq(E) restricted to E n belong to D(A' n ) and g = 1 belongs 
also to D(A' n ) and we have 

~ = _ HA(§m„)) + ^ g 

Furthermore, ||^ l l||c i) (.E: n ) is uniformly bounded in n G N by —\\C 2 where c is the constant 
specified in condition (I). For every g G Cq(E), the norm \\A' n g\\ Cb (E„) is uniformly bounded 
in n G N. 

(b) Assume, in addition, (jjj) and (jv). Let g G C, f G C%{E), and f n G D(A n ), n£N, such 
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that there exists a sequence (p n G C, n G N, with ip n 
Then we have 



f and (f n -(pn , f n —<Pn)n 



(A n fn , g)n ^± AS , 9) ■ 

(c) Suppose (jjj) and (jv'). Let g G D(A) D C, f G L 2 (E,v), and f n G D(A n ), nGN, suc/i 
i/iat (A n f n , A n f n ) n is bounded in n G N and i/iere exists a sequence ip n G C ; n G N, wn'£/t 
V 9 " r^i / a ^ (/n -^n, fn~ Vn)n ^ 0. T/ien we ftaue 



a, ^7} 



Proof. S'tep 1 We prepare the verification of part (a). Let denote the process obtained 
from Bj by killing upon hitting 3D. Furthermore, let p D (t,Xj, Zj) denote the transition 
density of B® from Xj G D to Zj G D in t > units of time, j G {1, . . . , n}. We have 



E 



da 



(y) s(dyi) ■ rj(zi) ■ (-~Am n ) (x) cfx 



£ / I] ^ - ^ € — ^ fa e eft) • ttf*) • (-|Am n ) (x) rfx 



^ /» /*oo 

= ^^fa) / / ^ 2 i) ( Ti G ( _ I A " 1 ™) ( x ) dx ■ 

i=i ^ 

From, for example, the spectral resolution of P Xi (Tj G dt) with respect to the eigenfunctions 
of Aj we obtain 

(ii z ) =^2v( z i) / Y[p D (t,%j, z j) p D {t,Xi,v) dv dt (-|Aj) (-|Am n ) (x) dx 



/ / (-|Ai) (-±Am n ) (x)dxcfo 

i=1 </i>eD JxeD n 



= / / ^ M^)) (-|A) (-|A,m n ) (x)dxcfo 

i=1 J v£D JxeD n 

n „ 

= y2vn, z {i}( z i) / (-|Ajm n ) (z w (^)) ^ 
i=i JveD 

where, for the third equality sign, we have used (1). This implies 
(-|Am n ) (z) + ( 1 (z) 



(4.47) 



m n (z) ///,,( : 

/ 



E 

i=i 



n rh n (z) m n (z) 



V 



(4.48) 



S'tep i? We prove part (a). For this we keep Lemma 14.41 (b) and (d) in mind. Let / G 
Dl(A n ) U Cl(E) U Cq{E) and # G C%(E) U Cq{E). Denoting by n n the inner normal vector 
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on dD n we obtain 



?7l n / n 2 jQ£)n dllr 



gfdrh n + / / gfd^m n (dx). (4.49) 

D n Jx€D n JdD n 

By means of Lebesgue's theorem on monotone convergence we get (I4.25P and (I4.26P for all 
/ G -Dj(A n ). With this (jUSD specifies for # = 1 and / G £> 6 2 (A„) to 

(AJ, J>„ = (|A/,1 



/dm n + / / fd/j^m n (dx) 

D n Jx£D n JdD n 



fdm n + I I fdm™m n (dx) 

D" JxeD n J D n 

_(/,(zMM\ + //,iL\ . (4 . 50) 

m n I n \ rrin/ n 

According to (l)-(lll) and (147471) we have (-|Am n ) /rh n G and (i/m n G By 

( 14.501) . the result of Step 1, and Lemma I4T81 we find that g = 1 belongs to D(A' n ), that we 
have 

- = _HAK,)) +iL 

and that ||-<44I||cu.e„) is uniformly bounded in n G N by — Xic 2 . Now, let g G Cq(E). 
Replacing fh n with gfh n relation (I4.50p implies 

(A,/,9}„ =(W,g 



m n / \ m„/ 



n 



We mention that the verification of ( g /rh n G C(D n ) is similar to (i/m n G C(D n ) above, 

It remains to show in the rest of the present Step 2 that, for g G Cq(E), \\A f n g\\ Cb (E n ) is 
uniformly bounded in n G N. For this, we replace in (I4.47j) fh n by grh n and obtain for all 

z G D n 

A n9\ Z ) — 



m n (z) m n (z) 



n VnAi}( z i) I R A ^) {z (t) (v))-m n ( z W(v)) dv 

:±A~g)(z)+j2 



m n {z 
i=i 
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Wg(z).Wm n (z) _ y J veD ' 



i=l 



= 7i(z) + T 2 (z) + T 3 (z) , 2; = (zi, . . . ,z n ) , zx, ■ ■ ■ ,z n G D, 

linewise, where Vj, similar to Aj, denotes the (i-dimensional gradient with respect to i- 
th ci-dimensional argument and the product sign between two gradients stands for the 
scalar product in the corresponding Euclidean vector spaces. Furthermore, we note that 
\Vn,z{i}(v)\ < Ci • hx(v) for some positive constant c\ which is by the second line of (111) 
and (1) uniformly bounded inn 6 N and z{i}. From (I4.4p we take the representation 

g(v) = ^((hx,u),...,(h r ,u))-i; ((k,u)) G Cl{E). With ¥(*) i^kiELy.-, 



j=X 3 

2, 



1 / -A . , 

— 2> T^U) 
V j=l J 



d^I d^n 1 d 2 ^n 1 



< 



it holds that (§A#)0) = ELi T (^) and (-^ A ^) = ^0,^) and thus ||(fA</) 

C2 and || — |Ajp|| < 03/72 with positive constants 02,03 not depending on n G N and i G 
{1, . . . , n}. This implies 

<C 2 + CiC 3 —r^ 

m n (z) 

i Er=l (l { u=d( x )d X GH} U^id{Zj) V{dv) ■ hx{Zi 
< C 2 + C1C3 



m„[z) 



and with condition (1), UTiHc^^) < c 2 + c\c^c. We continue with the investigation of T 2 . 
We have 

Vi~g{z) = ¥„(*) " ^ E (*) • V/l i^) + • ' VA; ^ ' < e {1, . . . , n}, 

i=i J 

and Vg(z) = (jVig(z)) T , . . . , (V„,g(z)) T j . Furthermore, we note that according to (14.41) 

suppg = K n for some compact subset K of D. Therefore, ||V»p|| = | ) Vj ^ 1 1 c7(S^;K d ) = 
Wi9\\c(K";Ri) < c 4 /n, % G {l,...,n}, and \\Vg\\ = || V^|| c( ^. R „. d) = ||V^|| c{ ^n ;R n. d) < 
C4/ \/n for some C4 > which is independent on n G N. 
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In addition, by condition (1), (— |Ad) is bounded on D uniformly in v = d(x) dx G H. 
Accordingly, Gauss' theorem in thin tubes (cylinders) shows that Vd is also bounded on 
D uniformly in v = d(x) dx G H. In other words, there is C5 > such that ||Vd|| = 
|| Vd|| C (£j. K d) < c 5 , uniformly in v — d(x) dx G H. In particular, we get from (11) 

» n 

Vifh n (z)=j Vd(zi) d(zj) u(dv) , ie{l,...,n}, 

J {u=d(x) dxeii} 

and Vm„(z) = ^(Vim n (z)) T , . . . , (V ' n fh n (z)) T ^ . With (1) and (11) it follows that 
Vg{z) ■ Vrh n (z) 



m n [z) 



< c 4 • sup ~77~\~ — C4C5C ■ sup h x 1 (v) , zeD n , 

u= d(x) dx£H 



and 

Er=i \ieD V ^ (^)) • V,m n (*»(„)) efo ■ ^ 



< C4C • sup |Vd(u)| • |D| 



m n (z) vEK 

iy—d(x) dx£H 

z G -D", which gives ||T 2 ||c ( ,(£; n ) < C4C5C ■ sup„ 6Ar /i^ (t> ) + C1C4C5C ■ We turn to the 
estimation of T3. It holds that 

\g (z (i) (v)) -g(z)\ < \\Vig\\ ■ \z {i) {v) - z\ < - c 4 • diam(L>) , 2 G -D n , v E D, 
where diam(D) denotes the diameter of D. Together with conditions (1) and (11) this yields 
ELI \LeD {9 (^(v)) - §(z)) ■ (-±A 4 m n ) (s«( V )) dv • fcfc 



m n [z) 



< c 4 c ■ diam(D) 



for all z G D n , v G D, and i G {l,...,n}. Therefore 1 1 Z3 1 1 c 6 (,ew) < \\g\\c b (E„) ■ (-^i)c 2 + 
ciC4C 3 -diam(D). We have shown that ||^4n^||ci,(B„) is uniformly bounded in n G N. 

Step 3 We demonstrate part (b). We get from Proposition 14.51 (c) and (I4.27p . (I4.49P for 
/ 6 61(E) and g 6 61(E) 

n^oo \ m n / n 

With this (14491) . and (14501) we find for / G C h 2 (£) and g G Cq(E) 



- / gfdm n + / / gf d^m n (dx) 

J D n Jx€D n JdD n 

-~ y gfd(^J m"m n (cb) - m n ^ 

/, jAsf) + //, V ^ : Vm " \ - ~ / sf/d / (m:-^)m n (dx) 
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Using, in this order, (14.271) . ( 14.511) . and again Proposition 14.51 (b).(c) we verify 



(f,A' n g) n -i(f,A' n l.g) n 

^ (/, Bg) - 2(f, Bg) - \ ((Cf, g) + (/, Cg)) + ± ((5/, <?} + (/, Bp» 

= (Bf, g)-l ((Bf, g) + (/, Bg)) - I ((C/, + (/, C<?» 

= <B/ J < / >-i«A/^> + (/ J il ff » . 

Now we use Corollary 14. 3 [ Proposition 14.51 (a), especially (I4.37p . and recall the definitions 
of the space Cq(E) in (14. 4p and the operator C to derive 

(/, A' n g) n - \ (f, A' n l ■ g) n ^ {Bf, g) + l - j fg5{A^) dv 

= (Bf,g)- 1 -(A'l-f J g) 

= (Af,g)-±(A'l.f,g) 
= (Af, g) . 

From Lemma 14.21 as well as Corollary 14.31 it follows that 

(f,A' n g) n -i(f,A' n l.g) n ^ - (/, Ag) , f G C 2 b (E), g G C 2 (E) . 

According to part (a) of this proposition and Lemma 14.91 (c) there is a sequence ip n G C 
such that ip n = A' n g — \A' n \ ■ g on E n and H^nllc^-En) is uniformly bounded in n G N. Now 
Lemma 14.91 (b) implies ipn — ^ — Ag. In order to prove even s-convergence we observe 
that by Part (a) and pg| - CT| 



1 n „ n 

-J2 / ((|Ad) (z t )/d( Zl )).l[d(z 3 )du 



n . 

A' n l(z) = — — ^— — , z = (z 1 ,...,z n ), 

m n (z) 

Zi, . . . , z n G D and thus for ip G C 




§Ad 
d 



i es=i ^ j • n ^ • • • ^ ^ 



5^ / (| Ad, 1) u(du) (4.52) 

where, for the second line, Fubini's theorem applies because of condition (1) and, for the third 
line, we use v n ==>- is, cf. (kw) and Proposition I4.6[ Lemma I2TT1 (a), (d), and Proposition 
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13. II together with the remark underneath. Furthermore, 

(A n l-g, A n l-g) n = j g (z) I J - I v n {dz) 

-/ Mi .(^^Ox 

{u=d'(x)dx€H} J z&D" V J {v=d{x) dx&H} V « / 

nti^i) V a 

J { ,= d (x) dxGH} Uj=l K^) / 

^ / <?V) (|Arf',l) 2 i/(dz/) = A'l-p) , (4.53) 

./{t/'=d'(a;)<fa:gii"} 

the limit by Proposition 14.71 (b). In order to show (A' n g , (A'g , ^) as well as 

(A^g , A' n g) n ^± (A'g , A'g) one may proceed as in Step 2 and individually prove con- 
vergence of (Tj , ip) n and (Tj , Tj) n as n — >• oo by plugging in (11) as well as (111) and repeating 
the way we have concluded in (I4.52p and (|4.53|) . We omit this long calculation here in the 
paper. 

One obtains finally ip n — Ag. Combining this with C 3 ip n / G C%(E), 

Proposition 12.31 (c) gives 

( ( Pn,A' n g) n -±(<p n ,A' n l-g) n =(<p n ,tl; n ) n ^± -(f,Ag), g G C%(E) . 

For /„ G D(A n ) with (/„ -ip n , f n - <f n )n ^ we have therefore 

(f n ,A' n g) n -l(f n ,A' n l-g) n = (f n ,^ n ) n ^ -(f,Ag), g G Cq(E) . 

According to Corollary 14.31 this yields 

(A n f n ,g) n ^± (Af,g). (4.54) 

for all g G Cq(E). Recalling Lemma 1431 (a) one may choose a sequence F n G Cq(E), n G N, 
with 

(F n -A n f n ,F n -A n f n )n ^ (4.55) 

and therefore 

(F n ,g) n ^± (Af,g), geC 2 (E). (4.56) 

If one chooses in [T4] C = Cq(E) then it follows from Proposition 3.3 (a) of the same reference 
that sup neN (F„, F n ) n < oo. Now (14.561) and Lemma 1431 (b) imply that F n Af. This 

and (14.551) yield (14.54p for all g G C; here C in the sense of the present paper. We have 
proved part (b) of the proposition. 

Step 4 We prove part (c). First let g G Cq(E) and note that in this case g G D(A) DC by 
Lemma [4.21 (b) and (ci'), (02') in the introduction to Section 3. As verified in the previous 
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step, there is a sequence ip n G C such that ip n = A' n g — \A' n l. ■ g on E n and if) n — 
kg. Furthermore, sup ngN \\ip n \\c b {E n ) < oo by Step 2 and (/„ -<p n , f n - <p n ) n by 

hypothesis which show (f n —(p n , VVi)n 0. Using Proposition l2.3l (c) and the hypothesis 

(p n -oi± f we obtain 

' ' h n— fob J 



A n f n , g" 



= -{f ni A' n g-\A' n l-g) n 

= -(fn, ^n)n ~ (fn ~ fn , lf>n)n 

^ (/ , Ag) . 



For general g G -D(A) fl C the claim is a consequence of approximation as follows. First 
we remind of the facts that by definition (I2.15p . condition (jv') together with Corollary 14. 3[ 
i. e., A'l G L 0O (E, is), and Lemma I4T21 (c) the set C$(E) is dense in D(A) with respect to 
the graph norm ((g , g) + (Ag , Ag)) 1 / 2 . In particular, Cq(E) 3 g r ^£ g G D(A) fl C in 
the graph norm yields Ag r as well as g r g, both in L 2 {E, is). Furthermore, 

sup neN (AJ n , A„/ n )„ < oo by hypothesis. Now, for every r G N 



A n /n , 



< 



A n /n i 9 ~ 9r 



+ 
1/2 



( A n f n , (yf r 



f , Ag r - Ag 



< sup ( A n / n , A n / n ) (g-g r , g- g r ) n /2 + 

neN x in 
+ (f,f} 1/2 (Ag r -Ag,Ag r -Ag X!2 



sup ( A n f n , A n f r 

neN 



1/2 



(g~9r, 9- gr)]! 2 + (f , fY /z (Ag r - Ag , Ag r - Ag 



A n fn j gr 



1/2 



1/2 



□ 



4.6 Verifying Mosco Type Convergence 

We recall that under (jjj),(jv') and (l)-(lll), C := UlA'lUx*^) V sup ne N |||-A{ t I||x»»(jB,i> n ) < 
oo, cf. Corollary 14. 3 [ Remark (12) of this section, and Proposition 14.101 (a). 

Proposition 4.11 Suppose (jjj) and (I) -(III), (a) Assume (jv). For v = d(x) dx G H , i. e., 
for is-a.e. v G E, we have the representation —6(A*)(v) = A'l(u) = (|Ad, l). 
(b) Suppose (jv'). For all g G L 2 (E,is), all sequences g n G C s-converging to g, and all 
> 2C, we have G n ^g n ^ G p g. 



Proof. Part (a) follows from (I4.52p and (I4.57P below where we also recall Corollary 14.31 In 
Step 1 we verify condition (c6). In Step 2 conditions (c3'(z)) and (c3'(zz)) are verified. In 
Steps 3-5, we demonstrate that the forms S n converge to the form S as n — > oo in the sense 
of Definition 12.41 What we claim is then a consequence of Lemma [2.13[ Theorem 12.141 (c), 
and Remark (9) of Section 2. 

Step 1 Let us verify condition (c6). Lemma I4T21 (a) together with Proposition 14. II (a) implies 



dv o v_ t 
dv 



exp 



S(A f )(u. a )ds 
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From this and (jv'), we obtain (c6(ii)). We also figure that 1 G D(A'), the first part of 
(c6(i)). Anything else required in (c6(i)) has been shown in Proposition 14. 101 (a). Condition 
(c6(iv)) has been verified in Lemma [4.41 (d). 

In the remainder of the present step, let us focus on (c6(m)). Recalling (cl'), (c2'), and 
v n v by (kw) and Proposition 14.61 we get the implication <p, ip G C yields <p ■ ip G C. 

Therefore, with Proposition 14.101 (b). 

(A! n l-<p^) n = -2(i„l,^-^) n 

^ -2(Al,ip"<l>) = (A!l'ip,il>), ipeC. 

In other words, 

A' n l -ip ^ A'l-ip for all <p G C . (4.57) 

In order to show that even A' n l ■ ip — ?-± A'l ■ (p, ip G C, we re- verify (I4.53P with ip instead 
of g. This completes the verification of (c6(m)). 

Step 2 According to (cl') in the introduction to Section 3, for n G N we have C C L°°(E, u n ). 
Condition (c3'(n)), that is Q n = {G n ^g : g G L°°(E, u n ) , (3 > 0} C C, is because of (cl') in 
Section 3 and Lemma H~9l (c) equivalent to G n ^g G C(E' n ), g G L°°(E, u n ). The latter is a 
repetition of the arguments in [13J, Proposition 1 and Step 2 of the proof of [13], Lemma 3 
(a). Condition (c3'(i)) is a direct consequence of Lemma 1431 (d). 

Step 3 The objective of this step is to verify condition (i) of Definition 12.41 for S n , n G N, 
and S. Let ip G L 2 (E, v). We assume that there is a subsequence n k , k G N, of indices and 
(p nk G D(Ai k ) nC, fceN, such that ip nk p and sup fc6N (A nk <p> nk , A nfc y> nfc ) nfc < oo. Let 

g G -D(A) H C. We note that Proposition 14 101 (c) holds also for subsequences n k , k G N, of 
indices. Thus, we have 

A nk ¥n k , g) n ^> -(tp, Ag^ 
which is equivalent to 

( A nk<Pn h ,9) nk -(iK k 1 -<Pn k ,9) nk ^ -(<p,Ag) + (±A'l-<p,g) 

and 

(A nk tp nk , g) nk ^ -(cp,Ag} + {A'l-cp,g) (4.58) 

because of A' n l-g ^ A'l- g demonstrated in Step I. By sup fceN (A nk ip nk , A nk <p nk ) nk < oo 
and Proposition 12.31 (b) for such a subsequence (p nk , k G N, there is a (sub) subsequence ip ni , 
I G N, and an element F G L 2 (E, u) with 

(^n ; ,< ^ (F,9)- (4-59) 

By Lemma |42 (b), Cf C D(A) fl C which together with Lemma H21 (c) says that D(A) n C 
is dense in D(A) with respect to the graph norm ((/, /) + (Af , Af)) 1 ^ 2 . By (14.581) and 
(14.591) we obtain for ip G L 2 (E, u), 

(<p,Ag) = (A'l-<p-F,g) , 9 Gfl(4 
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In other words, we have p G D(A') and A'p = A'l ■ (p — F. Taking into consideration 
Corollary 14.31 (b). we even get p G D(A). Recalling also Corollary 14.31 (a), we obtain 

§{<p,<p) = (-Ap,<p)-i( s ( Af )- ( p> < p) = ° 

which verifies condition (i) of Definition 12.41 

Step 4 In order to verify condition (ii) of Definition 12.41 for S n , n G N, and S, let us first 
restrict ourselves to if) G C%(E) D(A)\ . For n G N, choose if) n G D(A n ) with ip n if). 
In particular, this guarantees 

(ip n -ip,ip n -ip) n ^ 0. (4.60) 
By Proposition 14.101 (b) we have 

{-A n if) n , (p) n ^± {-Aip ,(p), peC. 
Lemma 14.91 (c) yields the existence of a sequence \l/ n G C with 

'-A n ip n - * n , -A n ip n - V n ) ^ (4.61) 



It follows from the last two relations that — \l/ n Aip. Furthermore, according to (I4.60P 

we have sup n6N (V> n , ip n ) n < oo. With (14.61 p this shows (-A n ip n - * n , ip^j ^± 0. 
Proposition 12.31 (c) implies now 

Sn(i>n, 4>n) = (*„ , ^n)n + (p-A n lf) n - ^ n , lf> n ^ 

^ {-Axp,xp) = S{<ip,xp). 

For general ip G D(S) = D(A), condition (ii) of Definition 12.41 follows by approximation. 
Here we remind of the facts that by definition ( 12. 15ft . A'l G L°°(E,u) cf. condition (jv') 
together with Corollary 14. 3[ and Lemma H~2l (c) the set C 2 (E) is dense in D(A) with respect 
to the graph norm ((/,/) + (Af , Af)) 1 / 2 . 

Step 5 Let us verify condition (iv) for A n , n G N, and A which is because of Lemma 12.61 
sufficient for (iii) of Definition 12 .41 for S n , n G N, and S. For this, let D(S n ) 3 u n v for 

some v G L 2 (E, v). Let u G D(S) and suppose (5u n — A n u n /3m — Aw. One consequence 

is A n u n 0(v—u)+Au which, by Proposition ^. 31 (a), says that sup nen (A n u n , A n u n ) n < 

oo. We have 

(u,f3g + Ag) = (f3u - Au , g) 

= lim (f3u n , g) n + lim (-A n u n , #) n 

n— >oo n— >oo 

= (u, + 9 GD(i)nC. 

Here, the first line is true because of (14 .231) and the third line is true because of Proposition 
14.101 (c). Choose g = Gpf, f G C. Recalling that by Step 2 of this proof and Lemma [2. 131 
(a) it holds that g G D(S) H C = D(A) H C it turns out that 

= (u-v,2/3Gpf-f) 

= (2/3G' fj {u-v)-(u-v),f). 

By Lemma 12.11 (c), 2/3G^(m — v ) = u — v which implies u — v G -D(A') and —f3(u — v ) = 

A' (it— 1>). Since A' is an antisymmetric operator, —(3 < is not an eigenvalue. Consequently, 
u = v . □ 
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4.7 Relative Compactness 



In this subsection, we establish relative compactness of the family of processes X™ = 
((X t n ) i > , P Vn ), n G N. Throughout the whole subsection we assume (jjj),(jv') and (1)- 
(111), and P > \\A'1\\ l°°(e,v) V sup nGN HA^lHioo^ )I/n ) = 2C, recall for this Proposition |4JJ]] 
(a) and the assumptions of the previous subsection. Let 



C b {E) :=\f = <p ((h, •),..., (h r , •)) G A 2 (^) : £ ^ • ( h 



i=l 



For such an element / G Cb{E) we note that 



/-^/ = /-^/=: 3 e 9 (/)gC 



(4.62) 



by Lemma l4~2l For this we have recalled conditions (cl') and (c2') from the beginning of Sec- 
tion 3 and Proposition 13.11 For n > 2, F G C r (D n ), and y — (zi, . . . Zi-i,yi, z i+ i, . . . , z n ) G 
d {1) D n with i G {1, . . . , n}, y { G dD, z u . . . , z n G -D, set 



e^fa) := 



(F(z) - F(y)) r]n,z{i}(zi) dz { . 



For n > 2 identify d^D" with <9D n . Let / G C 6 (E) and g = g(f) as in fl462l) . Define 

1 

(/3 - 2C) • f-^Bf -'.r-jjii .i w -_,>d 



b{n) :-- 



e {f-pG^g)^v) Hx{dy)rh n {dx). (4.63) 



Furthermore, for B defined in (13. ip and nsN, put B = B n (ip) := {ip 2 > E.e _/3rsc } where ip 
is some bounded everywhere on E n defined function which we specify below. Let us denote 
by E., A, A, ta? = t%> the images of E., B, B, tb° = t^ c under the map ^ YH=\ ^ — > 
(zi, . . . , z n ), Zi,...,z n G D, taking into consideration invariance under permutations of 
(zi, . . . , z n ). 



Lemma 4.12 For n > 2, f G Cb(E), and g = g(f) the integral ( 4-63 ) is finite and we have 

lim bin) = . 

Proof. The proof uses ideas of the proof of Lemma 5 in [13], Lemma 5. However the jump 
mechanism and the measures u n , v used in the present paper differ from those used in [13] 
and lead to different technical details which are necessary to point out. Note also that the 
notation in [13J is slightly different. 

Step 1 Fix n G N in this step and define $ := / — f3G n ^g. As above, let y — (zi, . . . y i: 
z i+1 , . . . ,Zi) G d^D n with i G {1, . . . , n}, yi G dD, zi, . . . , z n G D. We have 



e^(y) 



eD 



#(z) - (y)J (tt(z) + V(y)j Vn,z{i}( z i) dz i 

f{z) - f(yj) (f(z) + f(y) - (3GZg(z) - 0^g(y)) V (z t ) dz % 



(3G n ^g(z) - (3G n ^g(y) f(z) - f3G n ^g(z) ) r](zi) dz 
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because of (I4.25P which reads as J z . eD (j3G nj pg(z) — pG n> pg(y)j T](zi) dzi = 0. Using this 
again, we continue by 



e^O) = ep(y) - 2 J ^f(z) - f(y)j ■ 0G n ,pg(z)r)(zi) dzi 

+ / ( (G n ,pg{z)) - (p n ,i3g{y)) jv( z i)dz l 



= e f2 (y) - 2 / (/(z) - f(y)) ■ (30^)^) d Zi + e {( ^ g)2 (y) . (4.64) 

Step 2 Let us consider the particular items of (14.64)) . Since / G C^E) yields f 2 G Cb(E), 
we obtain by Proposition 14.51 (a) and (14.42)) 



e p (y) I (£(dy) m n (dx) ^± 



(4.65) 

>xeD n JyedD n 

For the second item in (14.641) we recall Proposition ^. 51 (a) and the appendix below (14. 42 p . 



We use the inequality 



< 4 



n G N, and the fact that g — f — \Af = f — -sBf is a bounded continuously different iable 



G n ,pg(x) - G n ^g(y) 

tg = f-lAf = f- 
cylindric function because of / G Cb(E). We obtain 

(f(z) - f(y) ) x 

£D 



P Sn P{z£D n :z+y-x£D n } \9{ Z ) ~ 9\ Z + V ~ X 



xeD n JyedD n i=1 



x/3G ni pg(z)r)(zi) dz { 



H™(dy) rh n (dx) 



0. (4.66) 



In order to handle the third item in (14.641) we observe that by ( 14.251) e f 

\ 2 



'(/3G„ i/39 ) 2 

fzeD [fiG ni pg{z) — 0G nt pg(y)) rj(zi) dzi > 0. Furthermore, by Lemma 14.41 (c) and mul- 
tidimensional differential calculus, 



< 



xeD n J 3D 



d/i" m n (dx) 
dfi™ m n (dx) 
PG ntP g) d I (m™ - (£) (-|Am n ) (x) dx 



xeD n JdD 



xED 

(jiG^pgj ^ d£ n + lim~ J \f n , t (pG^pgj - (pG n #gj J di> n 
A/3G nt pg ■ (3G nt pg dv n - [ (v(3G n ^g) di> n + [ (pG n> pg) A' n ldu n 



<2(3J [g-PG Ui pg) ■f3G n> pgdi> n + J (PG n)P g) A> n ldv n 
By the Mosco type convergence of Proposition 14. Ill and Proposition 12.31 (c). we get the limit 
9 - PG n<p g) ■ fiG n ^g dv n ^ (g - (3Gpg , 0Gpg) . 
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In addition, (p : E — )■ R given by <£> = P>G n ^g on i£ n , n G N, and = fiGpg v-a.e. on 
£ \ IXLi-^n is by Proposition 14.111 an element of C, cf. also (cl') and (c2') of Section 3. 
Thus, by (I4.57p . Proposition 14.111 and Proposition 12.31 (c). 



0G ntP g) A' n ldv n = {pG ntP g , A' n l ■ v ) n 

^± (PGpg , A'l ■ if) = ([3Gpg , A'l ■ (3G p g) . 
Putting the last three relations together we conclude that 



< 



xeD" JdD 



dfj% m n (dx) 

<2(3J (g- f3G n ^ g y 0^gdv n + J [pG^pg] A' n ldv n 
^ 2f3(g - /3Gpg , /3G p g) + (f3G p g , A'l ■ f3G p g) 
= -2(A(3Gpg , fiGpg) + ((3G g , A'l ■ (3G p g) = 



(4.67) 



where, for the last equality sign, we recall / = fiGpg G Cb{E) C C%(E) which implies 
P G Cl(E) C D(A) by Lemma fl~2l (b). The conclusion "= 0" follows now from Corollary 
14.31 The lemma is a consequence of f)4.64p and the estimates of its items, fl4.65p - fl4.67l) . □ 

Define |||§ Ag\\ \ := sup ue[j En \\Kg{v)\ and set 



as well as 



Ci 



C 9 : -- 



2|||| A/IH + 3/%| 



where, for the constant C, we recall the introduction to the present subsection. Furthermore, 
for n > 2, let 



C 2 (y tf - PG^gf dv^j ' +b(n) 



1/3 



We observe £, 



by the Mosco type convergence of Proposition 14.111 and by Lemma 



14.121 For / and g as in (I4.62p we specify 

1 



1/,:-. 



£n\\9\ 



(/ - (3G r 



n G N. 



Theorem 4.13 The family of processes X n = ((X t n ) t > , P Vn )> n £N, is relatively compact. 
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Proof. Recalling Theorem 13.21 everything to verify is (c7) in Step 1 below and (c8) in Step 
2 below. 

Step 1 The set Cb(E) is an algebra containing the constant functions. Furthermore, we 
observe that 

'* (E£i<*i • Hh, -) 2 ) : * 6 C* 2 (R) with both, 

lim e bx /&(x) and lim e bx /<&(x) being finite for some 

x— >oo x—t—oc 

&>-, a,e{-l,l}, X> = 0, keni 

1=1 J 

is a subset of C^E) that separates points in E. The rest of (c7) is a direct consequence 
of the particular choice of C^E) which implies / — jAf = f — jBf — g = g(f) £ C if 

/ G Cb(E) as already mentioned in (I4.62p . 
Step 2 By > 2C and fTC28|) we have 

(/3 - 2C)E Un e~ PrBC = {13- 2C) [ 4> 2 V Re - ^ di> n 

< I ^ 2 V E.e~ PTAC dv n -I 4> 2 V E.e~P TAC ■ A' n ldu n 

JD n J D n 

= P I tp 2 V E.e~ PTAC dv n 

JD n 

- lim - I (f n>t (ip 2 V E.e~P TBC ) -i) 2 y E.e~^ AC ) dv n 
<P f i) 2 V E.e~ PTAC dv n 

- J | A (i) 2 V £e - ^ e j d£> n - ^ | A (^ 2 V E.e-^^j du n 

-I (i) 2 V E.e-? TAC ) d [ (m™ - /£) (-|Am n ) (x) (4.68) 

where, for the last " < " sign, we have taken into consideration that tp 2 V E.e~ ,3TAC is 
convex from below in direction of every vector orthogonal to d{ip 2 > E.e~^ TAC }. Recalling 
that E.e~P TAC is /3-harmonic on A c with respect to |A we obtain 



(J3 - 2C)E Un e^ <P [jj 2 du n - / |A^ 2 du n - f [ V XWieaniy) x 

x [ U 2 V E.e~ pTAC (z) -i) 2 y E.e~ pTAC (y)) rjfa) dz { \%{dy) m n (dx) . (4.69) 

From the jump mechanism of the process X we observe that, for any y £ dD n \ OA with 
y = (zt, . . . , Zi-!,yi, z i+1 , ...,z n ) G <9 (1) D n where z x , . . . , Zi-i, z i+1 , ...,z n eD and y { £ dD, 
i G {1, . . . , n}, we have 

Eye-fo" = [ E.e-^rjiz^dzi. 
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Here Zi, . . . , z i+ i, . . . , z n have been fixed in the notation z = (zi, . . . , z n ). With the 
same notation it follows that 

/ ^(z) 2 V E z e~^ TA °T]{zi) dzi — ^{y) 2 V E y e~^ TAC > on y e i c n dD n . (4.70) 
Putting ffl~69j) and (H77DI> together we find 

((3 - 2C)E Vn e-^ c < [ Ui, 2 - 2 (\A$) $) dv n - [ [ V xc^fe) x 

v v 77 JO" JyeAndD™ i=1 

x / (^ 2 (z) V E 2 e-^ c - ^ 2 {y)) ^(^) dz lf i n (dy) m n (dx) 

n 



< 



di/ r,.- I / ^2x(y)iedD(v) 
xGD" JyeAndD" i=1 



< 



Zi&D 

P$-2 (±A^ 



x 



p^-2 \±A4> 

ijj 2 (z) - tjj 2 (y)J T)(zi) dzi tfj:{dy) m n (dx) 
p\ dis 

^ 2 {z) - ^ 2 {y)) r]{zi)dz, 

1 



xeD n Jy&dD n i=l 



(C - 2/3) • b(n) 



fj£(dy) m n (dx) 
J\/3(f- 2g) - 2 (± Af) + p 2 G n ,pg\ ■ \f - pG nJ) g\ dv n 



< 





||§A/||| + 3/%|| 


el 


f-l3 B f 


2 



(/ - PG nt pg) du n + 



1/2 



(C - 2/3) ■ 6(n) 



< 



< 




2 A' 7 ' 

- 0G n>/3 g) dv n \ 


e 2 


f-i B f 


2 



+ 



(C - 2/3) ■ b{n) 



In other words, for n > 2, 



C 2 (y {f - PG^pg) 2 du^\ ' +b(n) 



□ 



which gives (c8) by the already verified relation e n 0. 
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